A COMBINATORIAL STUDY OF AFFINE SCHUBERT VARIETIES IN THE
AFFINE GRASSMANNIAN
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ABSTRACT. Let X, be the closure of the I-orbit X, in the affine Grassmanian Gr of a
simple algebraic group G of adjoint type, where I is the Iwahori subgroup and A is a
coweight of G. We find a simple algorithm which describes the set ¥(1) of all I-orbits
in X, in terms of coweights. We introduce R-operators (associated to positive roots) on
the coweight lattice of G, which exactly describe the closure relation of I-orbits. These
operators satisfy Braid relations generically on the coweight lattice. We also establish
a duality between the set (A1) and the weight system of the level one affine Demazure
module &, of 1§ indexed by A, where 1§ is the affine Kac-Moody algebra dual to the
affine Kac-Moody Lie algebra § associated to the Lie algebra g of G.

1. INTRODUCTION

It is well-known that Schubert cells in the flag variety of a reductive group G can be
parametrized by the elements of the Weyl group of G. Moreover, the closure relations
among Schubert cells can be described by the Bruhat order on the Weyl group. There is
another equivalent description of the Bruhat order in terms of the containment relations
of Demazure modules of a Borel subgroup of G, which is established in the celebrated
work (BGQG) by Bernstein-Gelfand-Gelfand. There is a generalization of this perspective
for general Kac-Moody groups, see (Ku).

From now on throughout this paper, we assume that G is a simple algebraic group
over C of adjoint type. Let Gr denote the affine Grassmannian G(.#")/G(0) of G, where
2 is the field of Laurent series over C and & is the ring of formal power series. The
G(O)-orbits are indexed by dominant coweights of G. It is well-known that (cf. (BD),
§4.5), (Zhu, §2.1))

(1) Gr, C Gr, if and only if A — u is a sum of positive coroots of G,

where Gr, and Gr, denote G(&)-orbits indexed by dominant coweights A, u, and G_rﬂ is
the closure of Gr,. Moreover, the intersection cohomology of Gr, carries an action of the
Langlands dual group G of G, which is irreducible and of highest weight A (cf. (MV))).

In this paper, we consider the action of the Iwahori subgroup I on Gr. The I-orbits in
Gr can be indexed by coweights of G. For each coweight A, we denote by X, the asso-
ciated I-orbit and fﬁ the closure of X, in Gr. For any two coweights A, u, we introduce
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the partial order u <; A if X, C X,;. This partial order is equivalent to the combinato-
rial Bruhat order on the affine Weyl group, see Lemma for the precise statement.
This order naturally appears in the study of parabolic Kazhdan-Lusztig polynomials for
affine Kac-Moody groups (cf. (KT)), as well as in the context of non-symmetric Mac-
donald polynomials (cf. (Io1}, To3} To4). For a given coweight A, we denote by ¥(1) the
set of all coweights u such that u <; A. In this paper, we describe the partial order <; in
a way similar to the condition in (I)), and describe the set F(1) by a simple algorithm.
We also introduce R-operators which help to describe the extremal elements in ‘Y(2),
and they themselves satisfy braid relations generically on the the weight lattice. More-
over, we give a representation theoretic interpretation of ¥(1) in terms of level one affine
Demazure modules, which are of twisted type when G is not simply-laced.

In Lemma [2.2] we describe an algorithm that is used to produce new elements for the
set W(1), and in Theorem [2.6] we prove that this algorithm indeed produces all elements
of W(1). Roughly speaking, any element in (1) can be obtained by successively adding
or subtracting positive coroots, depending on the signs of the pairing between coweights
and positive roots.

The set 71y(Gr) of components of Gr can be identified with the quotient group P/Q,
where Q is the coroot lattice of G. Let Gr* be a component of Gr that contains the T-fixed
point L_;, associated to the coweight —@,, where @, is a miniscule coweight or zero. In
Proposition we explicitly realize the component Gr* as a partial flag variety G,/ P,
of the affine Kac-Moody group G associated to the simply-connected cover of G, and
realize each I-orbit X, as an affine Schubert cell in G/ P,. In this way, we translate the
partial order <; on coweights into the partial Bruhat order on W/ W,, where W, is the
Weyl group of P,. In Section we explictly realize the affine Weyl group Wy as the
Weyl group of the affine Kac-Moody algebra § associated to g, and translate the Bruhat
order on Wy into certain conditions on coweights (cf. Proposition Corollary [2.12).
Combining all these preparations, in Section 2.5 we prove Theorem [2.6]that is described
in the previous paragraph. In Section [2.6] we use length zero elements of the extended
affine Weyl group to establish bijections between the sets (1) in different components
of the affine Grassmannian (cf. Corollary [2.25]).

Let g be the affine Kac-Moody Lie algebra associated to the Lie algebra g of G. Let
L3 be the affine Kac-Moody algebra with Dynkin diagram dual to that of . As already
mentioned above, the components of Gr correspond to the miniscule coweights of g
or zero. Furthermore, the level one basic representations of £3 also correspond to the
miniscule coweights of g or zero (cf. Lemma [3.2)). In summary, we have the following
correspondences:

2) Gr* «— @, «—— I,

where 7, denotes the associated level one basic representation of 3. This suggests
a duality between the affine Grassmannian Gr of G and the level one representations
of £3. For every coweight A € P, if X, C Gr*, we may associate a level one affine
Demazure module 924 generated by a maximal weight vector v, € ; associated to

A. By Proposition together with Proposition [2.21] we can establish the following
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correspondences:

N ‘@NC‘@A

3) ’ o< /l‘ — ’partial Bruhat order on W/ W,

where in the first correspondence we view W as the Weyl group of §, and in the second
correspondence we view Wy as the Weyl group of L3 (cf. Section . Under these
correspondences, in Theorem 3.9 we show that there exists a natural projection from the
weight system of 9, to the set ¥(1). It is interesting to point out that we crucially use
the Frenkel-Kac construction of level one basic representations of 3 in the proof of The-
orem Furthermore, in Lemma 4.7| we give a representation-theoretic interpretation
for the algorithm in Lemma More precisely we show that the algorithm of adding
or subtracting positive coroots to coweights in ¥ (1) can be interpreted as the actions of
the positive real root vectors of g on weight vectors in D.

In Section ], we study the set ¥'(1) and the partial order <, further. We first show that
for any two coweights A, u € P, when they are located in the same chamber, then u <; 4
if and only if 4 — u is a sum of positive coroots relative to that chamber (cf. Theorem
M.1). This is analogous to the statement in (I)). In Section #.2] we introduce R-operators
on the coweight lattice P associated to positive roots. It turns out that these operators
exactly characterize the partial order <; (cf. Theorem[4.3). In Proposition[4.9)and Propo-
sition we describe explicitly the covering relations of <; for a coweight A when A
is mildly regular. In Section 4.3] we show that for any two positive roots «, 3, when
they generate a rank two root system as simple roots, then the associated R-operators
R,, Rg satisfy a braid relation when the coweights are away from certain critical hyper-
planes (Proposition [4.14). We introduce in Definition {.5] the notion of a-regularity of
a coweight in a fixed chamber, where « is a positie root. This notion allows us to cross
the wall H, defined by « so that R,(1) is in the reflected chamber and R, preserves the
partial order <; (cf. Proposition [3.3). This allows us to produce an algorithm to describe
the vertices of the convex hull of (A1), or in other words the moment polytope of the
affine Schubert variety Xﬁ, see the discussions in Section
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2. A COMBINATORIAL DESCRIPTION OF THE CLOSURE RELATION OF IWAHORI ORBITS IN AFFINE
(GRASSMANNIAN

2.1. Notations. Let G be a simple algebraic group G over C of adjoint type. Pick a
maximal torus 7 contained in a Borel subgroup B of G. Let X*(T) denote the lattice
of characters of T and X,(T) the lattice of cocharacters of 7. Let ® denote the set
of roots for T, ® the coroots so X(T), D, X.(T), Ci)) is the root datum of G. Let W
denote the Weyl group of G. We denote by ®* (resp. ®*) the set of positive roots (resp.

positive coroots) determined by 7 C B. Letay, - - - , @, (resp. &y, - - - , &) be simple roots
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(resp. simple coroots). Under the assumption that G is of adjoint type, the lattice X.(T)
coincides with the coweight lattice P.

Let & = CJ[¢] be the formal power series in ¢t with coefficients in C, and let 2" =
C((1)) be the field of formal Laurent series in . Let Gr denote the affine Grassmanian
G(X)/G(O) of G. We have an evaluation map

evy: G(O)—> G

sending ¢ — 0. Write I = ev;'(B) as the Iwahori subgroup of G(.%"). Any cocharacter
A : C* — T gives rise to an element t* € G(¥). Set L, := t*'G(0)/G(0) € Gr. Then
all T-fixed points in Gr are given by L,, where A € X.(T). We denote by X, the I-orbit
I.L, in Gr, and we denote by Gr, the G(0)-orbit G(O) - L,. The variety X, has a unique
T-fixed point L,, and Gr, has T-fixed points L, ), for w € W.

Definition 2.1. Let ¥(1) = {L, € P|# € X,}, where the closure is being taken in the
Zariski topology. If u € W(1), then we write u <; A. Clearly <; gives a partial order on
P.

2.2. The algorithm. We begin with a key lemma in order to describe the set '¥(A).

Lemma 2.2. Let A € P, and let « € ®* be a positive root.
1) If{A,a@) >0, then A — ka € ¥(Q), for 1 <k < (A, a).
2)If {4, a) <0, then A + ka € Y(A), for | <k < —(L,a)-1.

Proof. For any positive root @ € ®*, we may choose root subgroup homomorphisms
Xg, X_q corresponding to the roots @, —a, and a cocharacter h, : C* — G, which give
rise to a group homomorphism

¢ . SL2 -G
such that
¢( [(1) 611]) = xo(a), ¢( [Cll (1)]) = x_o(a), and ¢ [g aql]) = h,(a).
Set
“4) 1) 1= Xo(@)x_o(—a ) x,(a).
Then,

a

0
¢( [_a—l 0] ) - na(a)-
We also have the following equalities,

©) n0(a) = x_o(=a" Nxg(@)x_o(=a™"), ny(ab) = ho(b) - ny(a).

for any a,b € C*.

Case 1: (1, a) > 0.

Let k be any integer such that 1 < k < (4, @). Consider the morphism f,;, : A — Gr
given by a — x,(at™***®) . L, € X;. Note that

(6) fa,k,/l(a) = tﬂxa(at_k) : LO'
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As k > 0, f, ;. defines an A'-curve in X, passing through L; when a = 0. In view of
(), we can write

(7) xo(ar™) = x_o(a ')V 0y (@) x_o(a”' 1),
where ¢ = b, (™). It follows that
Jora(@) = 1'x_o(@ N Ly = ' x_o(a”'175) - L.
When a — oo, f,i1(a) = L. It follows that Ly ;4 € X,. In other words, A — k& €
Y(Q).
Case 2: (1, a) < 0.
Let k be any integer such that 1 < k < —(4, @) — 1. Consider the morphism g, 4, :
A = Gr given by a - x_,(ar ). L, € X,. Similar to (6), we have
() Gaxa(a) = t'x_o(at™) - L.
Thus, g, defines an Al-curve in X, passing through L; when a = 0. In view of , we
have
©) x_o(at™) = x,(a ' ) no(—a x_o(a'1).
It follows that
8aka(@) = t'xo (@ VT - Ly = 1 x, (a7 - L.
When a — oo, gy (@) = L. It follows that A + kd € 'Y(A).
O

This lemma will provide an algorithm which completely describes the set ¥(1). For
a positive root «, the algorithm will rely on the sign of (A, @), In fact a representation-
theoretic explanation will be given in Lemma4.7 of Section[3.2]

Remark 2.3. An analogue of Lemma for simple roots and the highest root in the
setting of Bruhat order < is proved in (lol, Lemma 1.6). In Lemma we show that
the order <, is equivalent to the Bruhat order <.

For any coweight u € P and any positive root @ € ®*, we first introduce the following

set of coweights attached to y and
—ka|0 <k < (u, @)}, wh ,a) >0
(10) S(ua) = {u cvrl <k <{u, @)}, when (u, @)
{u+ka|0<k<—(ua)y}, when (u,a) <0

By Lemma S (u, @) is a subset of WY(1) if u € W(1). We now define an increasing
filtration {¥;(1)};>¢ of subsets in W¥(A1) as follows.

Definition 2.4. Define WYo(1) = {1}, and
Y= ) Swo.
Ui | (1),acd*
Let ¥, (1) denote the union of all ¥;(1). From this definition, we observe that if ¥,,(1) =
Y,,1() for some integer n, then ¥, (1) = ¥,(1).

Lemma 2.5. This filtration stabilizes after finite many steps, that is, there exists a posi-

tive integer n such that ¥ (1) = ¥ ,(1).
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Proof. Let w be an element in the Weyl group W such that A* := w(A) is dominant.
Since X; C Gr,+, we have

W) C {ulL, € (Grp-)").
Hence, ¥(1) is a finite set, and so is ¥ (1). Therefore the filtration stabilizes after finite
many steps. O

We are now ready to state the following theorem.
Theorem 2.6. For any A € P, ¥(1) = Yo ().

This theorem gives an effective algorithm to describe the set W(1). We will first make
some preparations, and then the proof will be given in Section [2.5]

2.3. Affine Weyl group. The Weyl group W acts on the coroot lattice Q. From here
we get an affine Weyl group Wy := Q < W. We write elements of Wy as 7,w, where
A€ Q,w e W. The element 7,w acts on P by

Tow(u) :=w(u) +4, foranyu € P.
For any two elements 7,,w;, 7,,w», the multiplication is given by

(11) (T/llwl) : (T/IQWQ) = TA+wi ()W1W2.

The pair (W, $) is a Coxeter system where S consists of simple reflections {s;|i € I}
and a simple affine reflection sy = 745, where @ is the highest positive root of G and 0 is
the coroot of 6. We denote by < the Bruhat order on (W, S ).

Let W, be the extended affine Weyl group P> W. The multiplication is given similarly
as in . Following (IM)) we define the length function £ on Watts

(12) ey = > e+ > KLy -1l

ac®t wl(a)ed* acdt wl(a)ed-
This length function € on W coincides with the length function on the Coxeter system
(Waff’ S )

Let g be the Lie algebra of G. We associate to g the (completed) affine Kac-Moody
algebra g := g® # @& Cc @ Cd, where c is the center, d is the degree operator, and the
Lie bracket is defined as in (Ka, §7.2). The affine Kac-Moody algebra g corresponds to
the extended Dynkin diagram I'" of g with the set of vertices I = I'U{0}. The Cartan
subalgebra ) of g is giveany b @ Cc & Cd, where }) is the Cartan ~subalgeblra of g. Let h*
denote the linear dual of ). Let 6 denote the linear functional on [ such that

oy =0, 6(c)=0, o) =1.
We first describe the affine root system associated to §. The set of all real affine roots of
g is given by
DO ={a+ko|aecD,keZ}
where the set of positive affine roots is given by
O, = {a +ké|a € ®,k > 0} U D7,
and the set of negative affine roots is given by

O, ={a+ké|a e ®,k<0}UD,
6



Let (+|-) denote the n0r~maliged bilinear form on B, and the induced bilinear form on b*
(cf. (Ka, §6.1)). Let v : h — b be the induced isomorphism. Then v(c) = 6. Moreover,
for any a € O, v(&@) = 22 where & is the coroot of @. We will denote by (, ) the natural

(ala)
pairing between b and b*.
We may realize the affine Weyl group Wy as the Weyl group of the affine Kac-Moody
algebra g in the sense of (Kal §3.7), via the action of Wy on b*. Following (Ku, §13.1),
we define

1
(13) Taw(x) = w(x) + (W(x), c)v(D) — ((W(x), ) + E(AIAXW(X), )0,
for any T,w € Wy, x € b*.

Lemma 2.7. The element Tis5, € Wait corresponds to the reflection on b* associated to
the affine root —a + ko.

Proof. For any x € b*, we have

ThaSa(X) = X = (X, D) + ($o(x), C)v(kd) — ((5q(x), kat) + %(kcvvlkclesa(X), c))0.

2
=x—{(x, &) + 2k, c>oz — (=k{x, &) + i(x, c))o.
(ala) (ala)
() + BB k)
(ala)
2(x| — a + ko) (= + k5),

~ T Cat kol —a+ ko)
where the last equality hplds since v(¢) = § and (—a + k6| — a + kd) = (ala). This is
exactly the reflection on h* associated to —a + k0. O
For any @ € ®* and k € Z, set
Sak ‘= T-kgSa € Wagr.
Then by Lemma Sqo.x 18 the reflection associated to @ + ko. In particular sy = 75y 1S

the reflection associated to the affine simple root @y := -6 + 6.

Lemma 2.8. Let a be a root in ®©. Assume thatk > 0 if @ € ®*, andk > 0 if a € O™
Then for any T_,w € Wags, SqxT-w < 7w if and only if

k<{A,a), whenw (a)e d*
k<{A,a), whenw (a)e ®

Proof. We may realize Wy as the Weyl group of the affine root system of §. Note that
the assumption on @ and k is equivalent to that the affine root a + k¢ 1s positive. In view
of Lemma Sqo.x corresponds to the reflection s,.45. By a general fact of the theory of
Coxeter groups (cf. (Hu2, §5.7)), sqx7_,w < T_yw if and only w™!t (@ + k6) € dA)r‘e. By
the formula (13)),

wlTi(@ + kd) = wl (@) + (k — (A, @))d.

Thus the lemma immediately follows. O



Proposition 2.9. Let « be a positive root in ®*. Assume that s, ;T_,w < T_ W.

(D) If w(a) e ®" and k > 0, then {A,a) > 0, and k < (A, a).
) If w (@) e ® and k > 0, then {1, a) > 0, and k < (A, a).
Q) If w (@) € ®* and k < 0, then (A, a) < 0, and k > (A, a).
@) If w (@) € ® and k <0, then {A,a) < —1, and k > (A, a).

Remark 2.10. When « is a simple root or a highest root, a similar characterization
appears in (lol, Lemma 1.3).

Proof. In first two cases, s, corresponds to the reflection of the positive affine root
a + k6. In the last two cases, s, corresponds to the reflection of the positive affine root
—a — k6. Then the proposition easily follows from Lemma2.§] O

Definition 2.11. A coweight & € P is called miniscule, if for any positive root @ € ®*,
(w,a) € {0, 1}.

The following corollary and Proposition [2.9| will be used in Section

Corollary 2.12. Let & be a miniscule coweight. For any 1 € QO — &, @ € ®* and
y € 1o, Wt_p, assume that Sq,T_1-5Y < T-1-)-

(1) If k>0, then k < (A, a);
2) If k <0, then k > (A, a).

Proof. We can write y = t,wt_ for some w € W. Note that

T_1-0Y = T-(+w@)W-

We first prove part (1). Assume that k& > 0. If wli(a) € ®F, then (W(®),a) =
(&, w™(@)) € {0, 1}. Moreover, by part (1) of Proposition 2.9}

k < {1+ w(@),a) ={4,a)+ wn),a).
Hence k < (4, a). If w™!(a) € @, then (W(®), @) € {0,—1}. By part (2) of Proposition

2.9 we get

k< {1+ w(),a) ={4, a) + (W), a).

Hence we also have k < (4, @). This shows that in case k > 0, we always have k < (4, @),
no matter w™! (@) is positive or negative.
By similar arguments, we can show that if k£ < 0, then k > (4, ). O

2.4. Components of Gr as partial flag varieties of the Kac-Moody group. Let G
be the simply-connected cover of G. Let G be the affine Kac-Moody group with Lie
algebra g in the sense of Kumar and Mathieu (cf. (Ku, §VI)), which can be realized as
a central extension of the semi-direct product G¢.(#") = C* (C* acts on Gg(-#) by the
loop rotation) (cf. (Ku, Theorem 13.2.8)). It is known that when G is of adjoint type,
the associated affine Grassmannian Gr has |P/ Ql components. In this subsection we
produce an explicit description of each component of Gr as a partial flag variety of the

Kac-Moody group G..
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Let M denote the set of vertices i € I such that a; = 1, where q; is the Kac labeling
of affine Dynkin diagram I' (Ka, p.54, Table Aff 1). Since ay = 1, M = M U {0}, where
M := M N I. Let 6 be the highest root of g. It is known that

(14) 0 = Z aa;.

iel
For each i € I, let @; be the fundamental coweight of g attached to i, i.e. for any simple
root a;,
(67)1',@]) = 5i,j~

Lemma 2.13. For any i € I, the fundamental coweight ; is miniscule (cf. Definition
if and only if i € M, if and only if {®;,0) = 1.

Proof. This can be read from the Kac labeling in (Kal p.54, Table Aff 1) for g, and the
list of miniscule fundamental weights for the dual Lie algebra ‘g of g in (Hull, p.72,
ex.13) O

Lemma 2.14. The set {¢), |k € M} gives a complete set of coset representatives of P/Q,
as does the set {—w, |k € M}.

Proof. This appears as Corollary to Prop. 6 in (Bou, Chapter V1.2.3). O
For any coweight u € P, we define a conjugation Ad, : Wyt — Wy given by
Ad,(T,w) = 1 (Taw)T_,, for any 7w € Wy

For each k € M, set W, = Ad;, (W), where by convention @y = 0. Set I, = I\|x}. The
following proposition is well-known.
For the convenience of the reader, we provide a proof here.

Proposition 2.15. For any k € M, the subgroup W, is a parabolic subgroup of W with
Coxeter generators {s;|i € I..}.

Proof. When « =0, W, = W together with {s;|i € I} is clearly a Coxeter system.
Now we assume that k € M. For any i € 1\{0, «}, it is easy to see that Ad,, (s;) = s;.
Since 6 = },.; a;a;, by Lemma[2.13| we have

Ad;, (s9) = 1389 = So.

Thus, W, contains {s;|i € I,}. Let W, be the subgroup of W, generated by {s;|i € L}.
As we see in the table (Kal p.54,Table Aff 1), by deleting  the Dynkin diagram I"\{x}
is the same as the Dynkin diagram I' of g. Therefore W, isomorphic to W as Coxeter
groups, in particular |[W}| = |[W/|. On the other hand the conjugation Ad,, also gives rise
to an isomorphism W =~ W, of finite groups. It follows that |W,| = |W,|. Therefore
W, = W,, and furthermore W, is a parabolic subgroup of Wy with Coxeter generators
{s;|i €L} O

From this proposition, we may deduce an interesting corollary on the finite Weyl
group W.

Corollary 2.16. The Weyl group W can be generated by the set of reflections {s;|i €

I\{«}} U {sq} for any k € M (equivalently, the coefficient of a, in the highest root 0 is 1).
9



Proof. By Proposition [2.15] the set {Ad_; (s;)|i € I} generates the Weyl group W.
Unfolding the elements Ad_;, (s;), the corollary immediately follows. O

The set y(Gr) of the components of the affine Grassmannian Gr can be identified with
P/Q. Let Gr* be the component of Gr containing the point L_;_ = t“*G(0)/G(0). By
Lemma [2.14] we have the following disjoint union decomposition of Gr

Gr = U,y Gr*.
For any « € M, set
(15) O := 0~ iy
Any T'-fixed point in Gr* is given by L, and any I-orbit in Gr” is given by X,, for some
A € Q,. Note that there is a bijection ¢, : Q, — W/ W, given by
A T 5 W,

which fits into the following commutative diagram

0 —2 Wu/W

. —CDK\L \LAda)K *

Qk L) Waff/ WK

In the following we would like to describe the component Gr* as a partial flag variety
associated to the quotient Wi/ W,. 3
There is a canonical projection 7 : Ggc — Ggo(#") < C*. The preimage

B= 7T_1(Isc =C™)

is the standard Borel subgroup of G, where I is the Iwahori subgroup in G (%).
We have the following identification

Geco/B = Gso( )] Iss -
For any 7,w € W4, we associate an Ig.-orbit
Yo = It WIse [ Ise C Geo(H)/ I .
Then dim Y;,,, = €(T,w).

Remark 2.17. The sign normalization in Y., is crucial. Without this sign, the dimension
formula for dim Y, does not hold.

Let P, denote the maximal standard parabolic subgroup of G containing B, which
is associated to the subset I, = I\{«} of I. By Proposition P, corresponds to the
parabolic subgroup W, of Wyt The B-orbits in the partial flag variety G¢./P, can be
indexed by the cosets in Wyi/W,.

Without confusion, we still denote by p : Gso(#) — G(H# ) and p : Geo(F) —
G(%") the maps induced from the covering map p : Gs. — G, where ¥ is the algebraic
closure of #". The map p : Gso(#) — G(¥) is surjective, but p : Ge(#) — G(HK)
isnotif P/Q # 0.
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Let 7, be a lifting of t“Z’_K € G(X) in Gg(X) via the map p. Let Ad; denote the
conjugation map on Gg.(%") by 7, i.e.

Ad; (g) := ngfK_l, forany g € Geo ().

Lemma 2.18. The conjugation Ad; preserves Gs.(%"), and Ad;, is independent of the
choice of the lifting f,.

Proof. For any root a € @, we have
(16) fFexa(@F" = xq(at™ @),

where x, is a root subgroup homomorphism of G¢. associated to @, and a € % . since
the group G¢.(%") is generated by its root subgroups x,, (%) (cf. (Stg, §7,Theorem 10),
it follows that the conjugation Ad;, preserves Gg.(-#). The independence of the lifting
f, also follows from the formula (16)). O

Set
Gsc(O), = Adz}(Gsc(ﬁ))-

Lemma 2.19. For any k € M, the parabolic subgroup P, is equal to the preimage
7 Y Gge(O), = CX), where 1 is the canonical projection it : Ggs — Ggo(H) > C,

Proof. We choose root subgroup homomorphisms %,,, _,, : C — G associated to «;
for each i € I. For each i € I, set Xq, :=mo X,, and x_,, 1= m o X_,,. The images of x.,,
land in G, and they are exactly the root subgroup homomorphisms of G¢. associated to
+a; for each i € I. When i = 0, there exist root subgroup homomorphisms xy, x_y of G
associated to 0, —6, such that

o Ryy(a) = x_g(at), mo k4 (a)=x4at™"), foranyaceC.

Set ﬁ,’( = 171 (Ggo(O), » CX). We first observe that B c 15;, since {,, @) € {0, 1} for any
k € M and any positive root @ € ®*. Hence PA,’( is a standard parabolic subgroup of G
(cf. (Ku, Theorem 5.1.3, Theorem 6.1.17)). To show P, = P,, it suffices to check that
13; corresponds to the subset I, C /. In other words, it suffices to check that P’ is proper
and contains all root subgroups %_,, for all i € [,. Equivalently it suffices to show that
G(0O), contains o x_,, foralli € I,.

When « = 0, it suffices to check that G(&) contains x_,, for each i € I, as well as
x_g(-t). This is obvious. When « € M, it suffices to show that G¢(0), is a proper
subgroup of Ge.(¥"), and Ge.(0), contains x_,, for each i € I\{«}, and xs(-r""). Clearly
Gs.(0), is a proper subgroup of Gg.(%"), since G (O) is proper in Gg.(#) and by
Lemma[2.18| Ad;, preserves Gso(-%"). The group Ge.(0), contains x_,, for each i € I\{x},
since

fex_o (@' = x_(a).
Recall that (@,, 8) = 1. By the computation
fexo(@)i; = xo(ar™),

we see that Gg:(0), contains xy(at™") for any a € C. This completes the proof. O
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Example 2.20. We examine G = PGL;. In this case Gsc = SL3. All fundamental
coweights are miniscule. Let @; be the first fundamental coweight. Then

00
o =10 1 0]|ePGLy(X)
0 0 1

has a lifting

230 0

=0 3 0|eSLyA).
0O 0 7

By conjugating we see

(aij) € SLg(ﬁ)}

ay tlap tap
SL3(0), := Ady+,(SL3(0)) = { tay; axn an

taz; as ass

The group p~1(SL3(0); = C*) is the maximal parabolic subgroup of the Kac-Moody
group SLj associated to the set of simple roots {ag, @,}.

Proposition 2.21. There exists an isomorphism i, : Gr* — G/ P, as Gs.-homogeneous
spaces with i,(L_;, ) = eP,, and moreover, i,(X)) = Bt__g Py/Py.

Proof. Itis well-known that the central component Gr° is isomorphic to Gs.(.#)/Gsc(O)
as a homogenous space (this can be seen by comparing the Cartan decompositions for
G(*) and Ggo(X)).

The translation map from Gr® to Gr* given by L > %L is an isomorphism between
Gr’ and Gr*. In view of Lemma one can see that the component Gr* is also a
homogeneous space of G¢(#"). Moreover G¢(0), is exactly the stabilizer group of
Gsco(H) at L, € Gr* (recall that 7, is a lifting of 7~ ). Hence Gr* = Geo(#)/Gse(O),.
Furthermore

Gr* = (Gse(H) = C)[(Gse(O), = C),
since the rotation factor C* acts trivially at L_,.

Finally we consider the action of G on Gr*, which factors through the action of
Gso(#) = C*. The stabilizer group of G at L_;, is p~'(Gg:(0), =< C*). By Lemma
we conclude that Gr* ~ G/ P,.

For any A € Q,, equivalently 1 + &, € Q, so we have 1% € G4 (%). Then

BT—/I—J)KPK/pK ~ Ige t/H&)K : L—&)K =Is-Li=1-L =Xy,

since the natural map I, — I is surjective. This completes the proof of this proposition.
O

Given any two coweights A, u € QK, let 7_ g,y (resp. 7_,—4, w) be the minimal repre-
sentative in the coset 7_,_;, W, (resp. 7_,_s, Wy).

Lemma 2.22. 1 <; Aifand only if T_,_4,y < T_y—o,W, where < is the Bruhat order on
Wat.

Proof. This equivalence follows from Proposition and (Ku, Proposition 7.1.21),
u <A O
12



2.5. Proof of Theorem We first recall the statement of Theorem 2.6]
Theorem. Forany A € P, Y1) = Yoo ).

Proof. By Lemma [2.2] it suffices to show that u € ¥(A) implies u € ¥Y(1). We may
assume that A, u € Q, for some k € M.

Let 7_,_4,y (resp. 7_,_; w) be the minimal representative in the coset 7_;_z, W, (resp.
T_y-0,Wo). By Lemma[2.22} u <; Aif and only 7_, o,y < T_1_o, W

By the chain property of partial Bruhat order for Coxeter groups (cf. (BB, Theorem
2.5.5)), there exists a sequence of elements

A7 TpeW = Tm0In < Toa—0Yn-1 < < T2, V1 < Tog-0,Y0 = T-1-, )
which satisfies the following properties:

(1) foreach 0 <i < n, 7_),_y,yi 1s the minimal representative in the coset 7_,_g, Wy;
(2) foreach 1 < i < n, 73— i = Sp.xT-a-0Yi-1 for some affine reflection sg 4,

with 8; € ®* and for some k; € Z, and {(1_,,_;, i) = 0(T_a,_,-0,Yi-1) — 1.
By the choice of this sequence, we see that all 4; are distinct. By Proposition [2.2T] and
(Ku, Proposition 7.1.21) again, the sequence is equivalent to
A= <p Apey <y g i < Ay < g = A
From the following computation
T-4-0Yi = T S T-Ai-0Yi-1 = T—/li—l+(</1f—1ﬁi)—ki)ﬁi—d)KAd‘bk(S:Bi)yi—l’
we see that 4; = A, — ((Ai_1,8:) — ki),é,- and y; = Ad;, (sg)yi-1 € W,. It follows that
(Ai-1,Bi) — ki # 0, since all 4; are distinct. Since
T di-0Yi-1 < T-—0Yi = Sk T-i1—iYi-15

in view of Proposition [2.9 and Corollary[2.12] we have

(1) if k > 0, then 0 < <}~i—1aﬁi> — ki < </li—l’ﬁi>;

(2) if k <0, then 0 < k,’ — </1i—1»ﬁi> < _</1i—l’ﬂi>-
Therefore A; € W1(4,-;) for any 1 < i < n (cf. Definition[2.4). In fact A; € ¥;(4) for each
i. It follows that u € W (1), since by convention u = 4, and 4 = Ay. |

2.6. Crossing different components of Gr. Recall that W, is the extended affine Weyl
group P > W. Let Q denote the group of all length zero elements in Wa. Equivalently,
Q is the stabilizer group of Wy at the fundamental alcove of Wy (cf. (Hu2, §4.5)). Then
Q =~ P/ Q Let W;, denote the stabilizer group of W at w,. Then W, is a parabolic
subgroup of W with Coxeter generators {s;|i € I\{0, x}}. For each x € M, let w, denote
the longest element in W;;_for each x € M, in particular wy is the longest element in W.
For each k € M, set w* = wwy.

Lemma 2.23. The group € consists of elements
Vi = To W € Wag, k € M,

Proof. See (Mac, 2.5.4). O
13



Using the length zero element vy,, we define a translation map p, : Gr® — Gr* given
by
L+ WL e Gr*, forany L € Gr°.

Proposition 2.24. For any A € Q, we have p(X,) = Xy(1)-0., and pX) = X, (-0,

Proof. Since the map p, is an isomorphism between Gr° and Gr*, it suffices to show that
p(X2) = X, (1)-a,- We are reduced to show the following fact
oW T(W) % =T,
For any a € ®*,
W X @) W) TP = Xy (at™ @ @),
where x, (resp. X,«q)) 1s the root group homomorphism associated to a (resp. w*(a)),
and a € C. Notice that w“(a) € @~ if and only if the support of w*(@) contains the simple
root «, with coefficient —1. It follows that
v 1 if wa) e ®
—(@, Wi(@)) = e . .
0 ifw(a)ed

It follows that
oW x, (@) W) 1 e 1.
For any @ € O~
W x (at) W) = Xy (@t P @,
In this case w*(a) € ®* if and only if the support of w*(@) contains the simple root a,
with coefficient 1. It follows that
ek +
I = (@ wh(@)) = {O ey € &
1 ifw(a)ed

Therefore
%W o (at) (W) % e 1.
This finishes the proof. O

Now we define a map g, : O — Q,, given by (1) = w (1) — ¢,. The following
corollary is a consequence of Proposition [2.24]

Corollary 2.25. The map p, gives rise to a bl]ectlon from Y(A) to YW () — w,) which
preserves the partial order <, for any 1 € Q and k € M.

Notice that for any a € @7, if (4,a) > 0 and 0 < k < (A, @), by Corollary
Pl = ki) = p(D) — kw'(@) € P(W (D) — ).
Given a positive root « satisfying above conditions, w*(@) could be a negative root. If
w (@) € @7, then
(), -w'(@)) < 0.
In this case, 1 —kd is obtained by successively subtracting the positive coroot ¢, however

p«(A — ka) is obtained by successively adding the positive coroot —w*(¢). There is a

similar phenomenon when (4, a) < 0.
14



3. A DUALITY BETWEEN AFFINE SCHUBERT VARIETIES AND LEVEL ONE AFFINE DEMAZURE
MODULES

3.1. The Kac-Moody algebra “3. Let ‘I be the Dynkin diagram which is dual to the
Dynkin diagram I" of §. Let “§ denote the Kac-Moody algebra associated to “I". Let
{&;, fi|,i € I} be a set of Chevalley generators of 3. Let “g be the Lie subalgebra of
L§ generated by {&;, fi|i € I}. Then g is a simple Lie algebra with Dynkin diagram
LT which is dual to the Dynkin diagram I' of g. We have the following table for the
correspondence between (I, I") and (T, “1")

Il A, | B, C, | D, | E¢ | E; | Es | Fy | Gy

I Aﬁll) B,(ql) C’gl) Dgll) ED | gD | gD Fz(tl) G(21)

(18) .
rya, | ¢, B, | D, | Es | E7 | Eg | Fy | Gy

Lfr Aill) AP

From this table, we see that if " is simply-laced, then I" = “I". If T is non simply-laced,
then ‘T is of twisted affine type.
Let L} denote the Cartan subalgebra of £3. We can write

Ly =tpye Cé® Cd, and h* = “b* @ CA, @ C9,
where L) is the Cartan subalgebra of g, ¢ is the canonical center of £g, d is the degree
operator, A is the fundamental weight of ~§ associated to 0 € I, and § is the element
such that 8.5 = 0, (5,&) = 0 and (3, d) = 1.
Recall that §) is the Cartan subalgebra of . Under the duality of [ and ‘T", we may
identify “f with b* and identify “b* with ). Under this identification, ‘b = h* and “b* = b.
In particular, the simple roots {a;|i € I} of § can be regarded as the simple coroots of £g,

and the simple coroots {&;|i € I} of § can be regarded as simple roots of 3. Moreover,
0 can be regarded as the canonical center ¢, hence

(19) &= Z aa;,

i€l
where ¢; is the Kac labeling of I" at i, in particular ay = 1. The coroot lattice O (resp.
coweight lattice P) are now regarded as root lattice (resp. weight lattice) of Lg.

We will still denote by (:|-) the induced bilinear forms on Lh and bh* from the normal-
ized bilinear form (-|-) on b and . It turns out that the induced forms on “f and £h* are
still the normalized bilinear forms with respect to 3.

Recall the affine Weyl group W, = Q= W. We can also realize Wy as the Weyl group
of 3. For any 7,w € Wy and & € Lh*, following (Ka, §6.5.5) we define

()
2
The set L(i)re of real roots of £d can be described as follows (cf.(Kal, Prop.6.3 a)b) ))

L, = {& + kr,0|a € ,k € Z}
15
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2

where ¢ is the coroot associated to «, and r, = L

more precisely

1 if I' is simply-laced, or « is a long root when I is non simply-laced
ry ;=42 if ais ashortroot whenI' = B,,C,, F4
3 if @is ashortroot whenI' = G,

There is a bijection 7 : &, — LD, between &, and “®,e, given by
n(a + k&) = & + kryd.
Lemma 3.1. The bijection n is Wyg-equivariant.
Proof. For any T,w € Wy and a + k6 € ®, from the formula we have
n(Taw(a + ké)) = n(w(d) + (k — (1, w(a)))d)
= w(@) + (k — (1, w(@))r.o,
where w() is equal to the coroot of w(a). On the other hand,
Tw(n(a + kb)) = T,w(d + kryd)
= (@) + (kro — (AW(@)))d
= w(@) + (kro = (4, w(@))ra)9,
where the second equality follows from (20), and the third equality holds since
A4 w(@) _ A4, w@)
w@w(@)  (ala)

From the above two computations, we see that n is Wyg-equivariant.

(Aw(@)) =

= (A, w(d))ry,.

O

Under the map 7, the image n((i):—;) is the set of all positive (resp. negative) roots in
L(i)re. Recall the set {&, |k € M} in Lemma The following lemma follows from the
discussion in (Ka, §12.4). For the convenience of the reader, we include an argument

here.

Lemma 3.2. For any A € P*, Ay + A is a dominant weight of ' of level one if and only

if A € {&¢|k € M).
Proof. We first observe that A is dominant if and only if
(Ao + A, a;)=(a;)>0, foranyiel.
By the formulae and , @y = ¢ — 6. Hence, Ay + A is dominant if and only
(Ao + L ap) = (Ao +A,& =60y =1-(1,6) > 0.
By Lemma A is equal to ¢, for k € M. This concludes the proof.

For each k € M, set ]\K = ]\0 + .

Lemma 3.3. The stabilizer group of Wa at the dominant weight A, is equal to W,.

16



Proof. 1t is known that the stabilizer W;" of Wy at A, isa parabolic subgroup of Wu. It
is enough to determine the Coxeter generators of W,'. We first examine so(Ay),

s0(Ao) = 7yse(Ro) = Ty(Ao) = Ry + = —=5 = Ko+ - .
For any x € M,

so(A) = Tpsa(Ao + ) = T5(Ao + &, — 0)

y DY RV . (@10 . y
:Ao+d)K—6’+(Ao+cDK—9,é)9—((0|AO+cI)K—9)+%(Ao+d),<,é))5
y y .00
:A0+¢K—((e|ak—9)+%)5:/\m

where the fourth equality holds since 019 = 2 and (Ol — §) = —1.
Now it is easy to see that the Coxeter generators of W, are given by {s;|i € I}, where
I, = I\{x}. By Proposition , we can conclude that W = W,.
O

3.2. Level one affine Demazure Modules. We first make a digression to prove a gen-
eral lemma in the setting of general symmetrizable Kac-Moody algebras. Let A be an
integral dominant weight of a symmetrizable Kac-Moody algebra G with a fixed Borel
subalgebra B. Let W be the Weyl group of G. Let V, denote the irreducible integrable
representation of G of highest weight A. Let ‘W, denote the stabilizer group of W at
A. Then ‘W, is a parabolic subgroup of W. Let W denote the set of minimal coset
representatives in W/ W,.

Proposition 3.4. For any y,w € W", we have

W<y & v € UB)vyn
Proof. Let 8~ denote the negative Borel subalgebra in G. Then we have
21) w <y & vy CUB )ua.

This fact is stated in (Ku, ex.7.1.E.4 ), and this is a parabolic version of (Kul, Prop.
7.1.20). The proof is almost identical to that in (Ku, Prop. 7.1.20).
In the next step, we show that

Vya) CUB IWwa) & V) C UB)vya)-
Let (-, ) be the contravariant form on .77, (cf. (Ku, Prop. 2.3.2)), which satisfies that, for
any vi,», € Vp,and x € G.
(xvi,v2) = (vi, o (X)),
where o : G — G is the Cartan involution on G. The involution o induces an anti-

automorphism on the universal enveloping algebra U(G) of G. Furthermore the con-
travariant form (-, -) has the following properties:

(1) (-,-) is non-degenerate on each weight space V4 (u), where u is a weight of G.

(2) (v1,v2) = 0 for any two weight vectors vy, v, of distinct weights.
17



Assume that vyx) C U(B7)vya). We may write vyay = Pv,,a), where P is an element
in the enveloping algebra U(N™) of the nilpotent radical N~ of B~. Notice that the
weight space VA (y(A)) is 1-dimensional. It follows that we may assume P € U(N7) is
a monomial in negative root vectors in N~. By the non-degeneracy of (-, -) on VA (y(A)),
we have

0 # (Vya) Vya)) = (PViays Vya)) = (May, (P)vya))-
Note that o(P) € U(N) is a monomial in positive root vectors in N, where N is the
unipotent radical of 8. By the second property of the contravariant form mentioned
above, we must have o(P)vy) € Va(Ww(A)). By the one-dimensionality of Vi(w(A)),
there exists a nonzero constant ¢ such that

V) = co(P)vya) € UN)vya)-

By similar argument, we can show that if v, ) € U(B)vyn), then vy € U(B )vya).
Thus the lemma is proven. O

Remark 3.5. The equivalence (21) can be proved by the induction on the length of ele-
ments of Weyl group. The proof of (Ku, Prop. 7.1.20) in the regular case essentially
incorporates the original proof for finite Weyl groups by Bernstein-Gelfand-Gelfand
(BGG)). We don’t know how to prove Proposition by induction directly. It is in-
teresting to use the contravariant form to reduce the lemma to the equivalence (21)).

We now return to the Kac-Moody algebra 3. Let 7% denote the irreducible integrable
representation of d of highest weight A,. Then .Z is an integrable representation of
level one. Fix a highest weight vector vg € 7. For any A € Pifre Q,:= 0 -,
then we set 5

@(A) 1= T_h-5, (N0,
where 7_,_;, € Wag. Let vy € % be an extremal vector of weight w(4). By this
convention, w(—,) = A,. By a simple computation from formula |D we have the
following formula

v AA) = (Do) « «
(22) @) = Ko — A - w& for A € J,.
Definition 3.6. We now define the affine Demazure module .@A for each A € P as fol-
lows,

Dy = UMby € 54, if 1€ Q,,
where U(“D) is the universal enveloping algebra of the Borel subalgebra b of 3.

Recall that there is a bijection QK ~ Wait/ W, where QK = Q — w,. Foreach 1 € QK,
let T_,_;, denote the associated minimal representative in the coset 7_,_; W,.

Proposition 3.7. For any A, i € P, then u <; A if and only if Ve € D
Proof. First of all, u <; Aif and only if 7_,_ < 7_,_s,. By Lemma[3.3] we have
@) =15, (R, @) = Ta, (A

Hence @ﬁ = U*Db) - V(). Lastly, in view of Propositionwe conclude that u <; A if

and only if v € Z,. O
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Let P(J7;) denote the weight system of the integrable representation .77,. A weight
Q4 € P(H) is called maximal if 2 + & ¢ P(). Let Max() denote the set of all
maximal weights in P(J7;). The weight system P(7;) can be completely described by
the following lemma (cf. (Ka, §12.6)).

Lemma 3.8. Forany k € M, we have
(1) Max(7%) = {w(d) |1 € QK},'
(2) P(I) = U ep @(d) — no|n € Z'} is a disjoint union.

Any weight in P(J%) is of the form Ay — A + m8, for some integer m. We define a
twisted version of projection

p:P(#) - P, givenby/v\o—/l+m5+—>/l.
Let P(@ﬂ) denote the weight system of the affine Demazure module @4.
Theorem 3.9. The map p maps P(@A)) onto Y(A), and p admits a canonical section
A w(d).
Proof. Set
9 1= Bpo0(“8).s @ "D © CZ, and H* = Bpno(“§)ns-
Then $ is an Heisenberg algebra with the center ¢. By the Frenkel-Kac construction (for

untwisted affine types, see (FK)); for A% p? E(z) see (Fr, Theorem 1.2.25) (FLM,

2n—1° " n+1°

§7); for Df) , see (BT, §B.8)), the representation % can be realized as
(23) A= S(H7) @ CLO,

where S ($7) is the symmetric algebra of $~, and C[QK] consists of linear combinations
of e*, 1 € Q. Moreover

A w(D) —nd) =~ S(H)_;0¢€",
where e is of weight @ (1), and
B0 (w(A) — né) S(H)Re!

is a free U($H™)-module of rank 1.

By Lemma 3.8 any weight vector in &, is of weight @(u) — mé for some integer m
and u € P. To show that p maps P(@A) onto W(A), it suffices to show that for some
nonzero weight vector X, in P, of weight @(u) — m&, the maximal vector Var(u) 18

also an element in -@a-
Let (-,-) be the contravariant form on .7Z, and let o be the Cartan involution on §.
Clearly, there exists a weight vector x,,,,_,,s of weight @(u) — mo, such that
(xm'(;l)—m5’ xm(y)—mé) # O’

since the contravariant form (,) on the weight space JZ,(w(u) — md) is nondegenerate.
By the construction in (23), x,,,)_,,s can be written as P - v, where P is an element of

weight —md in the enveloping algebra U($") of $~. Then
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By the one-dimensionality of the weight space i (@(W)), 0(P)Xpy-ms = CVo( fOr
some nonzero constant ¢ € C, since o(P) € U(H"),s- Here we use the fact that o maps
™ to H*. When LG is of untwisted affine types, this fact follows from (Ka, §7.6). This
fact holds for twisted affine types as well, see (Ka, §8.3).

Since $* c b, it follows that Vo) € _@A. Then by Proposition we have u <; A.
In other words, u € W(A). This concludes the proof. O

Remark 3.10. In the proof of Theorem we crucially use the Frenkel-Kac construc-
tion of basic representations for '3. Note that this construction only works for affine
Kac-Moody algebras of type X\, where r = 1,2,3 and X, is of type A, D, E. From Table
, we see that '3 exhausts all cases except A(zi).

Example 3.11. By Lemma it is clear that p : P(%%)) — P is not one-to-one. In fact
p : P(Z) — ¥(A) is not one-to-one as well. For example when g = s/, and « = 0,
consider the affine Demazure module .@_zé, where « is the simple root of g. One can
check that 0 # (e;,)sz(_m has weight Ao — 26. The following example describes all
weights appearing in D2

|
¢

Ao —a

Ao +28 —46

Let e, 5 be a root vector in “§ corresponding to the root & + mr,é € L®*. Via the

bijection 1 given in Section by Lemma the coroot of & + mr,d is & + mé € &
The following lemma gives a representation theoretic interpretation for Lemma

Lemma 3.12. For any a € ©F,
(1) if (A, @) > O, then for any 0 < k < (A, @),

(24) (ex)" Vo # 0, and p(Wt((ea)" - Vo)) = A — kdt;

(2) if (A, @) < —1, then for any 0 < k < —(1, @),
(25) (€_gar.5)" Vo # 0, and p(Wile_g,, 5)* - Vo)) = 4 + k&,
where wt(-) denote the weight of a weight vector.

Proof. With respect to any sh-triple {e;.;, 5, €_s_,.5 @ +ko} associated to &+ krod € ®*,
the extremal vector vy 1s either a highest weight vector or lowest weight vector. In part
(1), by (22)

(@), a) = (4, a) <0,
20



the vector vy is a weight vector of lowest weight —(A, &) with respect to the si,-triple
associated to ¢&. Hence the statement ([24)) holds.
In part (2), since
(@(A),—a+0)=1+(1a) <0,
the vector v4(y) 1s again a weight vector of lowest weight 1 + (A, @) with respect to the
sh,-triple associated to the positive root —& + r,5. Hence the statement ( holds as
well.
O

Remark 3.13. For any A € Q,, let y denote the unique dominant coweight that is trans-
lated by the Weyl group W from —A. Set 'V, := U(*g) - vy C H. It is well-known
that V, is a finite dimensional irreducible representation of highest weight y. The vector
Vo €V, is an extremal vector of weight —A. Let *b denote the Borel subalgebra of
Lg obtained as b := 'b N Lg. Then D_, := U(*b)vyyy) is a Demazure module in 'V, in
the usual sense. It is proved in (lo2) that the multiplicity of the weight space D_,(—u)
is equal to the number of top components of the intersection N(¢') - L, N1 -Ly. Itis a
ngtural question to ask if there is similar phenomenon for the affine Demazure module

D

4. FURTHER STUDY OF THE SET ¥(A)

4.1. The partial order <; on a chamber of the coweight lattice. Let € be the domi-
nant chamber of the coweight lattice P determined by 7' C B, i.e.

€={1eP|(1a)>0, forany a € D).

Set €, := w(€) for any w € W. Then P is the union of all chambers €,, indexed by
weWw.

Theorem 4.1. For any coweights A,u € €, u <; A if and only if A — p is a positive sum
of coroots in w(®").

Proof. We first assume that u <; A, in other words L, C X.. Set A* := wl(1) and
p* = wl(u). Then A*,u* € . It follows that L+ C Gry, since Grys = G(O) - L.
Hence A* — u* is a positive sum of coroots in ®*. Equivalently, 1 — u is a positive sum
of coroots in w(®").

Now we prove the converse. Assume that A — u is a positive sum of coroots in w(d™).
Equivalently, A* — ™ is a positive sum of coroots in ®*. By a result due to Stembridge
and Steinberg (cf. (Stg, Corollary 2.7)), there exists a sequence of dominant coweights

pE = A AL A, A = AT
such that foreach 1 <i <k, A7 = A +B,- where ,Z?l- e &*. Set A; := w(A) for each i.
Then A, = 4,1 + w(,é,-). Since
(A W(B)) = (Aicy + WB), w(B)) = (A, + BinBi) = (471, By +2 > 0,

by Lemma Adisg = A;— w(,éi) € ¥(4;). Hence A;_; <; 4;. Inductively, we have u <; A.
O
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This theorem completely describes the partial order <; on any fixed chamber. More-
over from this theorem, we immediately get the following corollary.

Corollary 4.2. For any two coweights A, u in the same chamber, u <; A if and only if
w() <; w().

4.2. R-operators and cover relations. For each a € ®*, we define the operator R, on
P,
So() = A= a)x, if{l,a)>0

(26) R,() = {Sa(/l) —d=A1-QAa)d—-a, ifda)<0

By Lemma for any A € P, we always have R,(1) € Y(A).
The following theorem shows that the set (1) can be obtained by repeating applying
R-operators starting at A.

Theorem 4.3. For any coweight A € P, we have
W) ={RsRs, - - R (D) |k €N, B1,Bs,- -+ ,Br € D).

Proof. By Lemma for any 1 € P, we always have R,(1) <; A. Therefore for any
sequence of positive roots By, - - - , B, we have Rg Rg, - - - Rg (1) € P(A).

To show the other inclusion, we first prove the following general fact: for any u, u’ €
P,if i’ € S(u, @) for some positive root & € ®* (recall S (u, @) defined in ), then u’
can be written as (R,)*(u) for some integer k. We first assume that (i, @) > 0. One can
check that for any integer m > 0,

— {(Raf'"(u), if 0 <m < Juw.a)

(27) (R)X A=y if Ly @) < m < (4, @)

Now we assume that (u, @) < 0, one can check similarly
(R)™w), if 0<m< -y, @)
(RQ)Z(_w’a/)_m)_l(/J)’ lf - %(/’t’ a> <m< _</'l7 CY) - 1

From the computations (28), we see that this theorem follows from Theorem
O

(28) ,u+mc?z{

For @ € ®" and k € Z, let H,; denote the hyperplane {1 € Pl{A, @) = k).

Lemma 4.4. Assume that u, A are in the same chamber €,, and u,A ¢ H,_, for some
positive root @ € OF, if u <; A, then R,(1) <; R,(A).

Proof. Since « is either an element in w(®*) or an element in w(®"), it follows that
either (1,a@) > 0 and (u,a) > 0, or (A,a) < 0 and (u,a@) < 0. By the assumption
u, A & H, 1, it follows that either (4, @) > 0 and (u, @) > 0, or {4, @) < 0 and (u, @) < 0.

In the first case R, (1) <; R, (1), which follows from Corollary In the second case,

Ro(A) = 50(A) = &, and R,(u) = so(1) — .

Hence by Theorem R, (1) — R,(w) is a positive sum of coroots in saw((T)J"). Then by

Theorem [{.1] again, R,(u) <; R,(A). This concludes the proof. O
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In the following, we introduce the notion of a-regularity n-regularity for a coweight.
This notion will allow us to cross the wall H, := H,, .

Definition 4.5. (1) We say that a coweight A is a-regular, if (1, @) > 0, or (1, @) <0
and A + & € €., where w' is the minimal element in W such that 1 € €.
(2) We say that A is n-regular for a nonnegative integer n, if (1, w'(e;)) > n for any
simple root a;.

Set
1, if I is simply-laced;
r=1<2, if I'is non simply-laced but I' # G»;
3, ifI'=aG;,

Lemma 4.6. If A is r-regular, then A is a-regular for any positive root a.

Proof. By the assumption of r-regularity, it is easy to see that (1, @) # 0 for any root «,
since a is always a positive (or a negartive) summation of w'(«;). We may only consider
the case when (1, @) < 0. Note that we always have [{¢, w'(@;))| < r (cf. (Hul, §9.4)). It
follows that

(1 + &, w'(a;)) > 0, for each simple root ;.

Equivalently, 4 + & € €. It finishes the proof of the lemma. O

Lemma 4.7. Let a be a positive root in ®*. Let A be an a-regular coweight. Then
A ¢ H,_y and R, () € € ,,, where w is the minimal element in W such that 1 € €,

Proof. First of all we show that 1 ¢ H,_;. Assume that {(1,a) < —1. Then w™!(a) €
@7, since 4 € €,. Write —a = ), ¢;w(a;) as a positive linear combination of the w-
translations w(a;) of simple roots. Then

A+ d,a)=— Z el + &, w(a,)) < 0.

By the a-regularity of A, it follows that (1, @) < =2. It follows that 1 ¢ H, ;.
We now show that R,(1) € €, ,,. When (1, a) > 0, it is obvious. Setf := —w () €
®*. Then B = —w~!(&). For any simple root «;,
Boa) <2
To show that R, (1) € €;_,,, it suffices to check that, for any simple root a;, (R,(1), s,w(a;)) >
0, which follows since
<Ra(/1), Saw(a’i)) = <Sa(/l) - é” saw(ai)>
=1+ a,w(@)) > 0.

The following result immediately follows from Lemma4.4{and Lemma 4.7

Proposition 4.8. Let a be a positive root. For any a-regular coweights u, A in €,, if

1t <1 A, then Ry(11), Ry(A) € G, and R, (1) <; Ro(A).
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Following (BGG), we write y 5w for any y,w € W, if y = s,w and {(w) = €(y) + 1
for some reflection s,. Similarly, we write u 5 A for any u,A € P, if u = R,(1) and
dim X, = dim X, +1 for some positive root @. As shown in Theorem4.3] the R-operat0r§
generate the closure relations for <;. So we see that the covering relations of <; on P

must all be of the form u 5

Recall that dim X, = ¢(r_,w") where ¢ is the length function defined in (12), and w*
is the minimal element in W such that A € €. Set ™ := (w')"!(1); by definition A* is
the dominant translate of A. The following formula is a consequence of (12),

(29) dim X, = 2(1*, p) — €(w™).
From this formula, we immediately see that u 5 Aifand only if 4 = R,(1) and
(30) L) = €W = 202" =", p) = 1.

This characterization is a bit complicated, as we need to determine A*, u* and the lengths
of w! and w*. In the following two propositions, we give a simpler characterization of

the cover relation R, (1) <, A when 1 is a-regular.

Proposition 4.9. Let i, 1 be two coweights in P such that u = Ry(A) for some positive

root oo Assume that (A, @) > 0. Then u — A if and only if w* S sow.

Proof. Observe that w' < s,w' and (w!)"!(a) € ®*, which follow from the assumption
that (1, @) > 0. We also notice that A* = ™ in this case.

We first prove the direction “ <= ”. It is enough to show that w* = s,w'. By the
formula @), for any w and 4 € €, we always have

(T w) > 2%, p)y — E(w).

In fact, the equality holds if and only if w = w'. We now show that s, = s,w" by by
contradiction. Assume that s,w' # w*, implying the following inequality:

(31 UT—s,08aW") > 24", p) = U(sqw") = 2(A%, p) — E(W") - 1.
On the other hand, we view 7_;w" as an element in the extended affine Weyl group W
By the formula (20)),
(v (@) = W) (@) — (4 @)
is a negative affine root. It follows that s,7_w* < 7_;w*. In particular,
L(sqT_awh) < E(r_ywh) = 2027, p) — E(wh).

It contradicts with the inequality (31)), since s,7_w* = 7_, (1) SaW™.
The direction “ = ” is obvious.
O

Proposition 4.10. For any two coweights u, A in P with i = R,(A) for some positive root

a, assume that {(A,a) < 0 and A is a-regular. Then u 52 if and only €(w') — E(WH) =

—2(&, wa(p)) — L.
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Proof. By Lemmaft.7} 1t = R,(d) € €, 1. It follows that * = (w')™'(4 + &). Then
(A" =", 2p) = =AW (@), py = =2, w'(p)).

Hence u < Xif and only if £(wt) — E(WH) = =2{ct, wa(p)) — 1.
O

Note that if A is (r + 1)-regular, then w* = s,w*; by the same argument as in Lemma
it is easy to check that if A is (r + 1)-regular, then 4 = R,(1) € €, 1 is 1-regular.
Hence w* = s,w'. This fact, along with Proposition imply the following corollary.

Remark 4.11. PropH.9 and Prop{d.10|are special cases of (LS| Proposition 4.1) when
A is super-regular in the sense of (LS). But the regularity for A is much weaker in our
propositions.

Corollary 4.12. With the same setup as in Proposition assume that {1, a) < 0 and
Lis (r + 1)-regular. If Ry(A) > A, then sew* — wt if and only if —=(w")"(@) is a simple
root.

Now for any 4 € P, let W(1), denote the subset of (1) consisting of u such that

u <, A for some a. Geometrically, if u € W(1)s then iy is an irreducible divisor in X,. In
general, the set (1), consist of two types of elements R, (1), those for which (1, a) > 0
and those for which (1, @) < 0.

Example 4.13. Let G be of type A,. Let a; and a, be the two simple roots.
(1) Take A = d’l + C\i’z. Then lP(/l)a = {Cvll,cvlz}.
(2) Take A = —(&; + ;). Then W(2)y = {0}.
(3) Take A = —2(a; + &,). Then W(A)y = {—2d1 — @2, —@1 — 2&7, &1 + @2}
(4) Take A = —3@;. Then WY(1)y3 = {2a, — &, —3(&| + &;)}. The dimension of X, is
10. The following picture illustrates for example (4) the dimension of X,, for all
possible u = R,(A):

20, — & dim 9
[ ] [ ]

dim 10 0 " dim 7

—3(a; + &) dim9
4.3. Braid relations on R-operators.

Proposition 4.14. Let A be a coweight in P, and let a, 8 be two positive roots in ®.

(1) If (@, B) = 0, then RyRs(1) = RgR,(A).
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Q) If (a,B) = —1,{(B,&) = —1, and A is away from the hyperplane Hy.p_1, then
R(lRﬁIE(l(/l) = RﬁR(lRﬁ(/l)-

(3) If {a,p) = =1,{B, &) = =2, and A is away from the hyperplanes Hy.g_1, Hyo1p-1
and H2(1+ﬁ7_2, then RQRﬁRaRﬁ(/l) = RﬁRQRﬁR,,(/D.

Proof. We first show part (1). Assume that {(@,8) = 0. We compare R,Rp(A) with
RgR,(1). There are four cases. If (1,a) > 0 and (4,8) > 0, then the R operators coin-
cide with the reflections s,, sz which commute, so we obviously have equality. Assume
(4, a) <0, (4,B8) > 0. Now we compute

R Rp(A) = Rysp(Ad) = 5455(A) — &.

The other expression evaluates to sgs, (1) — sg(c) and the two expressions are equal since
sg(&) = &. The case where (4, @) > 0 but (4, 8) < 0 is identical. Lastly if (4, @) < 0 and
(4,B) < 0 we get expressions s,55(1) — & — [3 and s54(A) — B — &, which again are equal.

The proof of part (2) and part (3) essentially follows by brute force computation. We
include tables with all of the relevant information, as well as some sample computations.

In the tables below we make the following convention: if a square is blank, then the
braid relation is satisfied. Only when the braid relation is not satisfied do we put anything
in the second column. This is simply for readability.

Type As: (@, B) = -1, {3, &) = -1

Conditions R RgR, RsR.Rs
Aay< -1, 4,B) < -1 w(d) = 2(a + B)
Aay=-1, (4,pB=0 w) —a-p

(La)y=0 4,p)=-1 wd) —a-p

Aa)=>20, (La+pB) < -1 w(d) —2a -3

Aay=>1, (La+pB)=-1 wd) -2a-8 | wld)—a
A,a+B)=>0, (1,B)< -1 w(d) —a

Aa)y=>0, (1,8)=0 w(Ad)

By =0, (La+pB) <-1 wd) -2 —a
Aa+B)y=-1, 1,B)=>1 w(d) - B w(d) =28 —a
Aa+p)>0, (4a)<-1 w(d) - B

Type By: (@, ) = —1,(B, &) = -2
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Conditions R,RzR,Rg RsR,RsR,
Aay< -1, 4,B) <0 w(d) — 3a — 48

(Lay=0, (1,B)=-2 w(d) — 2a — 38

A4,B) =0, (14a)y=-1 w(d) - 2a — 2

4L,By=-1, (La)=0 w(d) — & — 28

Aa+B)y<-1, (1,B)=0 w(d) —3a — 38
(@+B)y=-1,{1,8)>0 w(d) —=3a —-368 | wd) —2& -
ALBy=1, (Lay=-2 w(d) —3a - 36 | w(d) —2& - 28
ALa+pB)=>0,{12a+6)<-2 w(d) - 2a -2

(Aay < -2,{1,2a+B) =2or-1 wd) =2a -8 | wd)—a
A4B)y=1,La)=-1 wd) —a—-p wd) —a-p
A2+ B) 20, a) < -1 w(d) — &

Aay=0 1,B)=0 w(A)

A, a) 20,1, 2a+B) <=2 w(d) - 2a — 48

(A,a)y > 0,{A,2a +B) =-2or-1 wd) —a—-38 | wld) —2a—-4p
L2+ >20,{(a+p6) < -1 w(d) —a — 36
La+B)y=-1,{1,2a+8)>2 w(d) - B w(d) — & - 38
Aa+pB)y=-1,{1,2a+B)=0 w(d) - w(d) —a -2
Aa+pB)>0,{1,B8) <0 w(d) - B

As an illustration, we do an example calculation in type A,. Assume (1,a) > 0 and
(A, + B) < —1. Then we compute R,RgR,(1). As a first step, we compute (4, a). By
assumption (A, @) > 0 s0 R,(1) = s4(4). Thus

RaRﬁRa(/l) = RaR,B(Sa(/l))
Next we compute (s,(1),8) = (4, 54(8)) = (4, @ + ). By assumption, this is less than or
equal to —1. Thus
RoRy(54() = Ro(s5(5(D) = B
Lastly we compute
(55(50( ) = B, @) = (50 D) + B, 55(@)) = (A + 50(B), sp(@ + B)) = (1 + & + B, B).

The two assumptions at the beginning on A force (1,5) < —1 so that (1 + & + B, B) <
-2+ 1 <0, so finally we see that R,RgR, (1) = 5,(55(5,(1)) — ) — &. Simplifying this
expression yields RyRgR (1) = $445(1) —2d — ,[VE as desired. Computing RgR, Rz proceeds
in a similar fashion.

We do another example in type B, where the braid relation holds. Let (1,2a + ) > 0

and (1, @ + ) < —1. We first compute R,RgR,Rz(1). We first calculate (4, 8) which by
assumption is < 0. Thus the first simplification is

RoRsR.R5(1) = RyRsR,(55(1) — ).
Next we compute (sg(1) — E, a) ={1+ ,é, B+ a) < 0. So the next simplification is

RoRsR,R5(1) = RyRy((54(s50) — B) — ).
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The next pairing (s,(sgd) — B) — &) > 0, so the next step is
R RR.R5(1) = Rysp(54(s50) — B) — &).
One can then calculate the last pairing, see that it is > 0, and obtain finally that
RoRgR.R5(D) = 5,55(5((55d) = B) — &) = 5455455(1) — & — 3.

Computing the other side, RgR,RsR,(1) is much the same; we mention that the first
two pairings will be positive and the last two negative, leading to

RsR.RsR (D) = 55(5a(5552(1)) — &) — B = 55545552(1) — & — 3.
Thus, in this case the braid relation holds. O
Remark 4.15. A summary of the data from the tables in the above proof is as follows:
the “braid relations” for the R-operators hold in types A,, B, everywhere except at a
certain set of critical lines. In the following wy denotes the longest element in Weyl
group of each type. In type A,, the braid relations fail precisely when {(A,a + ) = —1
and A & . Similarly in B,, the braid relations hold except when (1, + ) = -1
and A ¢ C,,, or when (A, + 2a) = =1 or =2 and A ¢ €. Though we have not done
all the calculations for G, it seems to follow the same pattern: in particular the braid

relations appear to hold in all cases, except the following: (A, a +2B) =-1,1¢ C,, or
A3B+2a)=-land 1 ¢ C,,.

Example 4.16. We do an example calculation in type B, where the braid relation fails.
Let (1, + ) = —1 and let {4, 2a + ) > 2. First we compute R,RzR,Rp. As a first step
we compute (4, 5) < 0, so

RoRsR,R5(1) = RyRsR,(s5() — ).
Next we compute (sz(1) — B,a) = (1+ B, a + B), which by assumption is 0, so we have
RoRsR,Ri(1) = RyRpso((55(1) — B)) = RyRp(5055(2) — & — ).
Computing
(5455(A) = & = B.B) = (s5(A) = B.S + 2a) = (1 + B, B + 2a)
which is forced to be > 0 by our assumptions, we see that the next step is R, (554 55(4) —

& - ,é). The last computation is (sgs,5g(1) — & — B, a); our assumptions force this to be
positive, so our final result is

RoRgRRp(A) = 54585455(A) — ﬁ

as desired. On the other hand, we compute RgR,RsR,(1). Since (4, ) > 0 we must have
RgR\RgR, (1) = RgR,Rps,(A). Next we see that (s,(1),8) > 0, so we simplify further

RgRoRsR (1) = RgR,(s55(1)).
Our assumptions force (szs.(4), @) < 0, and so the next simplification is
RgR,R3R (A1) = Rg(54555,(A) — ).
Lastly we compute (s, 555,(1) — &, ) < 0. So we finally see

RsR RgRA(A) = $5(505554(A) — &) — B = $5505552(d) — & — 3.
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4.4. Discussions on the moment polytope of X,. For any A € P, we define the moment
polytope MP(1) of X, as the convex hull of ¥(1) in P ®; R. A part of our original
motivation for this work was to explicitly understand the moment polytope MP(1), and
understand whether all integral points (relative to A) in MP(A1) appear in ‘¥(2).

Due to Theorem 4.1, if A € €,, for some w € W, then the part of the moment polytope
inside the chamber €, is easy to describe. In general, to describe a polytope, it suffices
to describe the vertices of this polytope. For the polytope MP(1), all vertices are some
special points in W(4). Fix a chamber €,. Let M,(1) denote the set of all coweights in
'P(A) that are maximal in the chamber €,. Using Theorem 4.1 again, we see that in any
given chamber €, the coweights of ¥(1) appearing in chamber €, are precisely those u
such that A" — u is a sum of coroots in y(®*), for some A" € M,(1). Therefore the points
in M, () are exactly the vertices of MP(A) in the chamber C,.

We may use Proposition[4.8]to obtain candidates of points in M,(4). All of these points
are obtained via Rg, ... Rp (1) so that €, = sp --- 55 (C,,), in other words y = sg, - - - sg,w.
However in general it seems very difficult to determine which path of R-operators will
provide the maximal vectors.

In the picture of the A, example below, we see five paths” given by

RoRsRo (1), RgRoRg(A), RoRoipRp(A), RpRoipRo(A), Raip(A),

where 4 = -3(a + ,é). Note that the last path R,.s(1) yields the maximal coweight
2(¢&+f3), and all other candidates & + 3, 28+ & and 2d + /3 are in ¥(2& +203). Thus far this
pattern has held in all our rank 2 experiments; in any given chamber €,, we have only
ever observed one maximal coroot u such that all other candidates u’ = Rg, ... Rp, (1) €
W(u). In A, it seems to be the case (after much tedious calculation) that R,RzR,(1) €
W(R;, (), s01n Ay, to find the maximal candidates, one should replace R,RgR, with R,.z.
On the other hand in B, there is an example where R,(1) € W(R,+sRgR2445(1)), (note
here s, = S4+558524+p) SO shorter expressions do not always do better.

2 +B)

-3(& +B)

One further remark is that in the above example, every integral coweight inside MP(A1)
is indeed contained in (1), where 4 = =3(& +f). If it were true in general that for any A4
and for any y € W, M,(1) contains at most one element (in other words, if each chamber

has a unique “maximal” candidate if it exists), then this would imply the following
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property: for every integral point u inside MP(1), u € W(A). This property holds for
A} X Ay and A, by naive calculation, and has held in every other example we have tried
for B,. We would be interested in a proof or disproof of this property for general root
systems. When A is dominant, X, = Gr,. In this case, it is well-known that MP(A) is the
convex hull of {w(1)|w € W}, and for every weight u € MP(A) such that 1 — u € Q, ue
Y(A). The study of the moment polytopes of certain subvarieties in affine Grassmannian
very often leads to interesting applications in representation theory, see (An, [Kam)).
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