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ABSTRACT. Let G be a parahoric Bruhat-Tits group schemes arising from a I'-curve C
and a certain I'-action on a simple algebraic group G for some finite cyclic group I
We prove the flatness of Beilinson-Drinfeld Schubert varieties of G, we determine the
rigidified Picard group of the Beilinson-Drinfeld Grassmannian Grg ¢ of G, and we es-
tablish the factorizable and equivariant structures on rigidified line bundles over Grg c».

We develop an algebraic theory of global Demazure modules of twisted current alge-
bras, and using our geometric results we prove that when C = A', the spaces of global
sections of line bundles on BD Schubert varieties of G are dual to the twisted global
Demazure modules. This generalizes the work of Dumanski-Feigin-Finkelberg in the
untwisted setting.
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1. INTRODUCTION

Let G be a simple algebraic group of adjoint type over C, and let g be its Lie algebra.
We fix a Borel subgroup B and a maximal torus 7" C B. Let Grg be the affine Grassman-
nian of G. A (spherical) affine Schubert variety in Grg is parametrized by a dominant

coweight 1 € X,(T)* of G, denoted by @é Let . be the level one line bundle on Grg,

and let .Z be its c-th tensor power for some ¢ > 0. Then, the space HO(Gré, Z°) of
global sections is dual to a level ¢ affine Demazure module D(c, 1), cf. [Ku]. By the work
of Fourier-Littelmann [FoLi], when G is of type A, D, E, the Demazure module D(c, 1)
has fusion properties. When ¢ = 1, D(1, 1) is a Weyl module. The Weyl modules and De-
mazure modules have global counterparts, defined in [FL2]] and [FM, [DF] respectively.
Similarly, the global counterparts of affine Grassmanians and affine Schubert varieties
are Beilinson-Drinfeld (BD) Grassmannians and BD Schubert varieties, which play a
central role in geometric Langlands program. In [DEFF], Dumanski-Feigin-Finkelberg
proved that there is a duality between the spaces of global sections of level ¢ line bundle
on BD Schubert varieties and the level ¢ global Demazure modules of the current alge-
bra g[¢], where under this duality the factorization of line bundles is compatible with the
factorization of global Demazure module.

Let o be a standard automorphism on G of order m preserving B and T, where o is
simply a diagram automorphism if G is not of type A,,, see Section[2.2] We consider the
twisted current algebra g[¢]”, where o acts on g and o acts on ¢ by o (¢) = et In fact,
a[#]” is isomorphic to a special current algebra or hyperspecial current algebra defined
in [CIK| KV]], see [KV, Section 4.2] and Theorem The fusion theories of twisted
Demazure modules and twisted Weyl modules are extensively studied, e.g.in [EKKS,
FK| ICIK| KVI]. Let X.(T). be the set of o-coinvariants of all dominant coweights of
G. For each A € X,(T)}, we denote by D?(c, A) the level ¢ twisted Demazure module
of g[¢]?. Similar to the untwisted case, D (c, 71)_ is dual to the global section of a level ¢

line bundle on the twisted Schubert variety @; of the special parahoric group scheme
¢ = Resp,p(Go)?, see Section In [BH], Besson-Hong determined the smooth

locus of gr;, where the Demazure modules of g[#]” and the global Schubert variety of
a parahoric Bruhat-Tits group scheme G := Res,1,21(G 1) are crucially used.

The aim of this paper is to develop an algebraic theory of twisted global Demazure
modules of g[7]?, and generalize the work [DFF] to the twisted setting, i.e. to establish
a duality between twisted global Demazure modules of g[#]” and the spaces of global
sections of line bundles on BD Schubert varieties of G. In order to establish this duality,
a large part of our work is devoted to proving the flatness of BD Schubert varieties of
G, and establishing factorizable and equivariant structures on the rigidified line bundles
over the BD Grassmannians, for more general parahoric Bruhat-Tits group scheme G.

On this part, we closely follow the works [Zhl, [Zh2, Zh3]] of Zhu. In fact, our work
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also provides proofs of some geometric ingredients needed in [DFF], which seem to be
missing in literature.

Let I' be the finite group acting on G generated by o, and let C be an irreducible
smooth algebraic curve over C with a faithful I"-action such that all ramified points in
C are totally ramified. Let C be the quotient curve C/T. Let G be the I'-fixed point
subgroup scheme of the Weil restriction group Resc,o(G x C). Then G is a parahoric
Bruhat-Tits group scheme over C. In Section 4, we define Beilinson-Drinfeld Schubert
varieties of G and prove their flatness.

Let Grgc» (resp. L*G¢») denote the Beilinson-Drinfeld Grassmannian (resp. the jet
group scheme) of G over C". For any n-tuple of coweights 1= (A,...,4,) of G, we first
construct a section s; : C" — Grg ¢, and then we define the Beilinson-Drinfeld Schubert

. —A . .
variety Grg ¢ to be the reduced closure of the L*Gcn-orbit at s;. The construction of s;

is achieved via a construction of a locally trivial (I', T)-torsor attached to 1. By the
Tannakian interpretation of (I, T)-torsor (cf. Theorem [A.13), the construction of this
(', T)-torsor is reduced to the construction of a ['-equivariant tensor functor, see Section
4.2l The main result of Section []is Theorem [4.19] which asserts that

—1
Theorem 1.1. The BD Schubert variety Grg ¢ is flat over C". Moreover, the schematic

—1 —1 —1
ber Gry, - of Grp, - at each p € C" is reduced. More precisely, Gr, - is a product o
6.7 g.c p p Y Ylg p
affine Schubert varieties (possibly twisted).

In the untwisted case, this theorem is due to Zhu, see [Zhl] for n = 2. In the twisted
case, the main idea of the proof of Theorem @ 1s similar. When n = 1, it is also due
to Zhu [Zh2]. For n > 1, we need a new ingredient suggested by Zhu (by private com-
munication), a generalization of cohomology and base change, which is formulated in
Appendix B] This new method is of course applicable to the untwisted case. In order to

employ Theorem [B.3] in Section we define the convolution variety m;cn which
admits a proper morphism to Grgc». In fact, we give two definitions, one is defined
via a sequence of fibrations of global Schubert varieties, and the other one is defined
as the reduced closure of L*Gc»-orbit at a section §; of the convolution Grassmannian.
In Proposition f.15] we show that these two definitions are the same. The first defini-

. —_—A . .. .
tion tells that Convgvcn is flat over C", and the second definition tells that the image of

Convg,c,, in Grg e is exactly §;c As an application of Theorem we also prove
that any BD Schubert variety is normal, see Theorem @} When n = 1, this is due to
Zhu, cf. [Zh2, Corollary 6.14].

Section|3|is devoted to the study of rigidified line bundles on Grg c». Let Pic*(Grg cn)
denote the Picard group of rigidified line bundles on Grgc», i.e. the line bundles on
Grg ¢ together with a trivialization along a distinguished section e over C", see Section
[5.1l We prove the following result in Theorem [5.8]

Theorem 1.2. Suppose that G is simply-connected.

(1) For any n > 1, the central charge map Pic‘(Grg cn) — Z is an isomorphism.
(2) Any line bundle in Pic’(Grg cn) has factorizable property.
3



The proof of the injectivity of the central charge map is similar to the proof in the
untwisted case, cf. [Zh3, Section 3]. In the untwisted case, the level one line bundle
can be obtained by pulling-back the level one line bundle on Bung over a projective
smooth curve. However, in the twisted case the existence of the level one line bundle
on Bung is not known yet (actually it may not exist in certain cases). Nevertheless,
there is a level one line bundle Lx» on Grga» constructed in [BH]. Our idea of the
proof of Theorem [1.2]is as follows. For a general I'-curve C, given any ramified point
p € C, there is a I'-stable neighborhood U of p which admits a I'-equivariant map to A!.
Then, the pull-back of L4 gives a level one line bundle on Grg ¢z for some Z closed
in U", cf. Lemma @ These line bundles together with the level one line bundle over
the unramified part (cf. Proposition can be glued via rigidity and extended to a line
bundle L on Grg e, which generates Pic’(Grg ¢n). Moreover, this line bundle satisfies
the factorization property. When n > 1, we crucially use a relative version of seesaw

principle (cf. Lemma [5.1).
Another main result of Section [5]is Theorem [5.15] which asserts that

Theorem 1.3. With the same assumption as in Theorem there is a unique L*Gcn-
equivariant stucture on the level one line bundle Lcn on Grg cn.

The hard part of this theorem is the existence. In the proof, we first construct a L*Gen-
equivariant line bundle L4 by embedding Grg ¢» to a BD Grassmannian of GL(V) for
some vector bundle V over C. By the étale base change property of BD Grassmannians
(cf. Corollary , we are reduced to the case C = A!. In this case, the line bundle L
has a rigidified structure, and hence is a power of L., where Theorem is crucially
used. This in fact implies that L,» admits a L*Gs.-equivariant structure. This step
is guaranteed by Proposition whose proof is quite technical. We first prove this
proposition when n = 1 and n = 2 separately, and for general case we use Hartogs’
Lemma. In our argument, we need to restrict line bundles to BD Schubert varieties so
that all arguments are in the finite type geometry.

To prove Theorem (or Theorem [6.5)) in full generality, we need to work with
adjoint type group G. In this case, it is difficult (or impossible) to construct a factorizable
level one line bundle on Grg ¢ for a general I'-curve C. Nevertheless, when C = Al with
the standard action of I'. We are able to construct level one line bundles on BD Schubert
varieties which admits factorization properties compatible with the factorization of BD
Schubert varieties, see Proposition @ Moreover, using Theorem @ we are able to
prove that these line bundles admit L* G, -equivariant structures, where L*G/., is the jet
group scheme arising from the simply-connected cover of G, see Proposition[5.19]

As mentioned earlier, the main motivation of this work is to establish a relation be-
tween twisted global Demazure modules and line bundles on BD Schubert varieties of
G. In Section for any le (X.(T)*)", we define the twisted global Demazure mod-
ule D7(c, Z) of g[#]?. Using the results of Fourier-Littelmann [FoLi] and Kus-Vankatesh
[KVI], we prove the following result in Theorem [3.12]and Theorem [3.13]

Theorem 1.4. Given 1= (A,--- , 4,) € (X.(T)*)", let A be the image of ¥, A; in X.(T)~.

(1) The fiber D’ (c, /T)O at 0 € A" is the twisted Demazure module D (c, A).
4



(2) The twisted global Demazure module D’ (c, /T) is a graded free A’ (c, /T)-module,
where A’ (c, /T) is the weight algebra associated to the cyclic generator of D/ (c, /_l)).

As a consequence of Theorem and Proposition |5.19} the space H' 0(@; ans Lan) of
global sections of the level one line bundle £ is a (g[z]”, C[A"])-bimodule. In Section
[6.1] we further equip a G,,-equivariant structure on the line bundle L., which follows

that H 0(§; an> Lan) 1s a graded free C[A"]-module, see Theorem Finally, we prove
the following Borel-Weil type theorem in Theorem [6.5]

Theorem 1.5. There exists an isomorphism of (g[t]”, C[A"])-bimodules
D (¢, Dar = HOGry 0 £5,)",

where D’ (c, Z) A = D(c, Z) ® a0 1) C[A"]. Moreover, D’ (c, /_l)) an has factorization prop-
erty and it is compatible with the factorization of Lan under the above isomorphism.

Our proof is similar to the proof in [DEF], while there are some distinctions, see
Remark As a consequence of this theorem, the fiber D’ (c, Z) patany p € A" can

be determined, see Corollary and Remark In fact, the fiber D7 (c, /T) 7 1 a tensor
product of affine Demazure modules (possibly twisted) depending on the type of the
point .

The Borel-Weil type theorem for twisted global Weyl module is proved by Braverman-
Finkelberg in [BE, Theorem 4.6], where they work with twisted Zastava spaces. In fact,
when the level ¢ = 1, D7(c, 1) is isomorphic to a twisted global Weyl module, see The-
orem [3.211

Finally, we make a remark when G is A,,. In this case, our automorphism ¢ is chosen
to be the standard automorphism of order 4. The twisted current algebra g[t]” corre-
sponds to a special parahoric subalgebra of A(ZZ[). In fact, there is another special parahoric

subalgebra of Ag,), which can be realized as the twisted current algebra g[#]” correspond-
ing to the diagram automorphism 7 of order 2. For this automorophism 7, all results in
Sectionhold, and in Section [5|similar results hold except that Pic’(Grg c») is generated
by a level 2 rigidified line bundle. Moreover, we expect that Theorem still hold for

even levels.

Acknowledgements: We would like to thank I. Dumanski, E. Feigin, M. Finkelberg,
G. Fourier and D. Kus for helpful email correspondences. We thank R.Travkin and
X. Zhu for inspiring discussions on geometric aspects of this work. We also thank Wyatt
Reeves for helpful discussions and sharing his unpublished results. J. Hong was partially
supported by the NSF grant DMS- 2001365.

2. AFFINE DEMAZURE MODULES OF TWISTED CURRENT ALGEBRA

In this section, we collect some known results of affine Demazure modules, Weyl

modules, and their twisted analogues, which will be used in Section
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2.1. Notations. Let G be an almost simple algebraic group over C. We fix a maximal
torus 7" and a Borel subgroup B containing 7. Let X*(T) (resp. X.(T')) denote the weight
lattice (resp. the coweight lattice) of 7. Let X.(T')* denote the set of dominant coweights
of G with respect to B. Let R be the set of roots of G. Let R* denote the set of positive
roots of G with respect to B. Let {«; | i € I} be the set of simple roots, where [ is the set
of vertices of the Dynkin diagram of G.

Let g, b, b denote the Lie algebras of G, B, T respectively. One has the triangular
decomposition g = n~ @& h & n*, where n* is the nilpotent radical of b and n~ is the
nilpotent radical of the opposite Borel subalgebra b~. Let {e, | @ € R} be a Chevalley
basis of g. For simplicity of notations, we also sete; = e,,, f; = e_,,, and h; = a/l.v for any
iel.

In this section, we always assume that G is simply-laced and of adjoint type. Then,
the set X.(7T)" can be identified with set of all dominant coweights of g. In Section [2|and
Section 3| we only deal with Lie algebras, but to be consistent with the notations in later
sections on geometry, we keep using the notation X.(7)*.

2.2. Twisted current algebra. Let 7 be a nontrivial diagram automorphism preserving
b,b and the pinning {e;, fi;i € I}. Let m = 2,3 or 4 and fix an m-th primitive root
€. Following [BH, Section 2.1], let o be a standard automorphism of order m on g
preserving b and f). More specifically, when g is not A,,, o = 7; when g is of type Ay,

h

@)) oO=ToE€,
where h € b7 such that
0, ifi+l,€+1;
am={" "7
1, ifi=¢6+1.

In particular,
2, ifgisAy_y, D¢y o1 Eg;
m=43, ifgis Dy;
4, ifgisAy.
Let g7 be the o-fixed point Lie subalgebra in g. We have the following descriptions of
g7,

(8,m) | (A2e-1,2) | (A2, 4) | (Des1,2) | (D4, 3) | (Es,2)

2 )
) e Ce Ce B, G, Fy

where by convention Cy is A; and € > 3 for Dyy;.
We extend o to an automorphism on the loop algebra L(g) = g((¢)) by
3) c(x®t) =elo(x)®t.

We define the twisted affine algebra f,(g, o) = g((1))” & CK as a central extension of
L(g)” with the canonical center K as follows:

[xX[f]+ 2K, X[f'] + ZK] = [x, X1 f'] + m ' Reso((df) f)(x, X )K

for x[f1, X’[f'] € L(g), z, 7 € C, where Res,— denotes the coefficient of #~!dt, and (,) is

the normalized Killing form on g such that (6, 8) = 2 for the highest root 6.
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Let g[t]” be the twisted current algebra, i.e. the o-fixed point subalgebra of g[¢]. In
fact, g[t]” is a subalgebra of ﬁ(g, o).

(1) When g is of type Ay, let a; ; be the positive root @; +- - -+, for 1 <i < j <20,
and let e, be the standard basis in g = sly,,1. Then g[#]” has the following basis:
R 2k i+j+k 2k _ . . .

Cigok (= € @ +(—1) Ciry®1", whena =q;;withl <i<j<?
Crank 1= €1a ® 17 — (=) e oy ® 1%, whena = jp;with 1 i< j< €

4) Coaar i= €1q ® 1, When @ = @jop,; With 1 <i <€
Coqarsl 1= Caq ® LT £ (=) e, @ P whena = a;, with1 <i< ¢
h,"z/( =h® l2k + (—l)khzg_,.l_,' ® t2k, for any 1<i<?

(2) When g is not of type Az, let R} (resp. R)) be the set of roots @ € R™ such that
the restriction /i 1s a short (resp. long) root of g”. Then g[#]” has the following

basis:
m—1 m—1
Coak \= Z Cici(a) ® (€D, a e RY; Coamk = Z Cigifa) ® A= R};
i=0 i=0
m—1
hoi = ) o ® (€1, @ € R,
i=0

When g is not Ay, g[t]” is isomorphic to the special twisted current algebra of L(g, o),
see [KV] Section 4.2]. When g is A,,, we now show g[#]” is isomorphic to the hyperspe-
cial twisted current algebra €g defined in [CIK| Section 2.5] and [KV| Section 1.5].

Following [CIK|, Section 4.4] and [KV, Section 1.8], the hyperspecial current algebra
€g C g[t, 711" consists of the following basis elements:

(1) ere @ + (=1)ery ® (-, @ = a;; with1 <i < j <, and k > 0;
(2) €1a @ + (= 1) Hepry ® (=)', @ = @jp-; with1 < i < j <, and k > 0;
(3) era ® 1! a = e with1 <i < €, and k > 0;
(4) esq @ 1AV 4 (1), (o ® (—1)*1ED2 ¢ = @, with 1 <i < ¢, and k > 0;
B) hi@t*+ hypp—i @ (=), 1 <i< ¢ and k >0,
where «;; denotes the positive root @; + --- + a;, forany 1 < i < j < 2¢. Note that
T(a’ij) = Q2p+1-j26+1—i

Lemma 2.1. We have the following formula

&) 0 (€sq,;) = (—1)/etai™ , forany 1 <i < j<2{+1,

602(7-#1—]',2(’4—1—1'
and o(h;) = hag1-;, for any 1 < i < 2€ + 1, where h is defined in ({I).

Proof. In [Kac, Section 7.10], the formula for the action of 7 on every basis vector in g

is given. Combining this formula and o = 7€", we can deduce the formula for o O
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There exists an isomorphism 7 : I(g,7) ~ L(g,0) due to Kac (cf. [HKI, p8] and
[Kacl, Section 8.5]), which is defined as follows

m(x[t']) = x[£279],

for any x a simultaneous (—1)/-eigenvector of 7, and a s-eigenvector of adh. Let ¢ be the
Cartan involution on g such that ¢(e;) = —f; and ¢(h;) = —h;. Notice that for any root «,
¢(e,) = —e_,. Now, we define an automorphism 7, : L(g,7) — L(g, 7) as follows,

1e(x£']) = (0[], for any x[+'] € L(g, 7).

It is easy to verify that 7. is well-defined, since . o 7 = 7 o 1., where 7 is the automor-
phism on the untwisted affine Lie algebra § induced from the action in (3)) . We define
the following isomorphism of twisted affine algebras

(6) ni=mon.: Lg,7) = Lg, o).

The following theorem originally appeared in an earlier version of [BH], where some
calculation mistakes are fixed in this paper.

Theorem 2.2. The map n restricts to the following isomorphism of Lie algebras
n: Cg = g[r]”.

Proof. From the definition (6]), we have the following calculations:

(1) Whena =a;+---+a;with1 <i< j<{ and k > 0, we have
M(€sa ® I + (1) ey ® (—1)) = =(€z0 ® 1 + (= 1) err) @ 17Y).
(2) When a = @ with1 <i < j<{, and k > 0, we have
N(esa ® 1 + (1) ey ® (—0)F') = —(€30 ® P = (1) gy ® 1),
(3) When a = a;p¢41-; with 1 <i < ¢, and k > 0, we have
Nese ® P41) = —ez, @ 1.

(4) When a = a;p with 1 <i < {, and k > 0, we have
Mesq ® (PHIED2 4 (L), @ (—)P1ED2) = (o @ A4 F (= 1) ey ) @ 24H1),

(5) Forany 1 <i < ¢, and k > 0, we have

(i ® 1 + har1-i @ (<1)) = =(hi ® £ + (= 1) hyes1 @ 7).

Then, it is easy to see that the image of the described basis of the hyperspecial current

algebra €g under the map 7 is exactly the basis of g[#]” described above. O
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2.3. Weyl modules. We denote by P (resp. P,) the weight lattice of g (resp. g7), and
by P* (resp. P..) the set of dominant weights of g (resp.g”) with respect to the Borel
subalgebra b (resp. b”). We define the map ¢ : X.(T) — P given by

A)(h) = (A, h), YA€ X.(T),h €,

where A is regarded as an element in b and (, ) is the normalized Killing form on .
By restricting (1) to b7, it induces a map X.(T) — P,, and it descends to the map
X.(T), — P,. We still denote it by ¢.

Following [FoLi], for any dominant weight 4 € P* of g, we define the Weyl module
W(u) of g[z] to be the cyclic module generated by an element w), subject to the following
relations

nC[f]-w, =0, h®C[t] - w, =0, (h®1)-w, = —u(h)w,, (e, ® l)u(al.v>+1 “w, =0,

for any simple roots @; € R*, and any & € b.

Following [KV], for each dominant weight i € P_. of g7, we define the twisted Weyl
module W7 (i) of g[t]” to be the cyclic module generated by an element w; subject to
the following relations

(7 17wz =0, ORC[]) - wz =0, (h® 1) - v = —fi()wz, (en0) ™ - wz =0,
forany h € b7, @ € R*, and k, = i(@"), where @ is the root @y of g.

We define the twisted global Weyl module W7 (i) to be the cyclic U(g[#]”)-module
generated by an element w; with the following relations

no[t]” - wp =0, (h®1)-v= —pa(hywg, (eoz,o)k‘frl -wy =0,

where h € b7, @ € R*, and k, = a(@"). Similar to the untwisted case in [CFK], there is
a well-defined right action of U(h[#]”) on W7 (1) given by

(u-wg)h:=u-(h-wp)

where u € U(g[t]7),h € UD[r]”). This action commutes with U(g[7]”)-action. Let
A%(fr) := U(b[7]7)/Ann(w;) be the quotient of U(H[7]”) by the annihilator of wj.

Remark 2.3. In this paper, the (twisted) Weyl modules and the twisted global counter-
parts are defined using the lowest weight cyclic generators. By composing the map n
(when g is A,,) or a Cartan involution (otherwise), our definitions agree with the usual
definitions in literature. Also see Remark 2.5 on the definitions of Demazure modules.

Let I, be the set of vertices of the Dynkin diagram of g”. We follow the Bourbaki
labeling of the vertices of the Dynkin diagram, which gives a total order on / and /.. Let
{B;}je1, be the set of simple roots of g”. Then, there is amap  : I — I, such that

®) pi= > 4

jer @)
for any simple coroot f3;, cf. [BH, Section 2.1]. Let w ; be the fundamental weight of g
associated to j € I. Forany i € I, let @; := wj|y- for some j € 177 1(i). Then {@,};c;, gives
the set of fundamental weights of g7, cf. [BH, Section 2.1]. Moreover, by [BH, Lemma
3.4], we have
©) o) =, Yjien '),

9



Foreachi € I, set m; := ﬁ For example, when g is A, we have m; = 2 for any
i € I,. The following theorem on twisted global Weyl modules was proven in [CIK],
and it will be used in Section[3.3]

Theorem 2.4. Let i = 3, ni@w; € P.

(1) The algebra A’ (f) is a graded polynomial algebra in variables T;, of grade m;r,
where i € I, and 1 < r < n;. In particular, when g is Ay;, m; = 2 for any i € I,,.

(2) Let I be the unique graded maximal ideal in A’ (i1). Then, there is a g[t]°-
isomorphism

W () @@y (A7(@)/ Iz0) = W ().
(3) W () is a free A” (1) module of rank equal to [];c;, (dim W7 (@;))".

Proof. (1) Cf. [CIK| Theorem 1] when g is A,, and [[CIK|, Theorem 8] when g is not A,,.
(2) It follows from the definition. (3) Cf. [[CIK| Theorem 4, Theorem11]. O

2.4. Affine Demazure modules. The integrable highest weight modules of L(a, o) of
level ¢ can be parameterized by a set P(c, ¢) of certain highest weights of g7, see [HK1,
Section 2]. In particular, for any k € P(o, 1), we always have ck € P(c, ¢). We denote by
(1) the integrable highest weight module associated to a highest weight i1 € P(c, ¢).

Set . = Byepon)Hi(ck). For any A € X.(T)}, let v; € H be the extremal weight
vector whose h7-weight is —ct(1), see [BH, Lemma 3.6]. We define the twisted affine
Demazure D7 (c, A) as the following g[#]”-module,

(10) D7(c, 1) := U(g[1]7)vs.

For any A € X.(T)*, we define the untwisted affine Demazure module D(c, A) in a similar
way by simply taking o = id.

Remark 2.5. The affine Demazure module D(c, 1) defined here can be identified with the
module D(c, A) defined in [FoL1l, Section 2.2] with a g[¢]-action via the Cartan involution
ne : alt] — g[t]. Similarly, our twisted affine Demazure module D (c, A) can be iden-
tified with the module D(c, ct(1)) defined in [KV] Section 3.2] via a twist of the Cartan
involution 7, : g[#]” — ¢[#]” when g is not A,,, or via a twist of the map n : €g — g[#]”
defined in (6) when g is A,,.

Thanks to the works [FoLi, IKV]] of Fourier-Littelmann and Kus-Venkatesh, we have
the following theorem, which will be used in Theorem [3.12

Theorem 2.6. Let g be a simply-laced simple Lie algebra with a standard automorphism
0. Let A be a dominant coweight of g. Denote by A the image of A under the projection
map X.(T)" — X.(T)}. Then

(1) The untwisted Demazure module D(c, A) is isomorphic to the quotient of the Weyl
module W(cu()) by the submodule generated by
{(ea® Yt w | € R, 5 >0},

where k,; = ¢max{0, (4, @) — s}, and w, is the generator whose h-weight is
—cu(A).
10



(2) The twisted Demazure module D (c,A) is isomorphic to the quotient of the
twisted Weyl module W7 (cu()) by the submodule generated by

{eams, Wil @ € R/} Ule,s, -wi|a €RY}, when g is not Ay

{eaas, Wil a=aisp1-i, 1 i<l Ulegop 1 - Wila=ap,l <i<{}

Ulegas, *Wala=ajjoraiy_;1 <i<tl}, when gis Az,

where s, = c - (A, &), and w1 is the generator whose b7 -weight is —ct(1). Here,
(,) is the normalized Killing form on g and &" is regarded as an element in )°.

Proof. See [FoLi, Lemma 4, Corollary 1] for part (1), and [KV, Theorem 3, Theorem 5]
for part (2). O

Corollary 2.7. With the same setup and assumption as in Theorem we have

(1) For any A € X.(T)*, the Demazure module D(1, 1) is isomorphic to the Weyl
module W((Q)).

(2) Forany A € X.(T)}, the twisted Demazure module D’ (1, A) is isomorphic to the
twisted Weyl module W7 (1(Q)).

Proof. For part (1), see [FoLi, Theorem 7]. For part (2), see [FK, Theorem 5.1] and
[CIK) Theorem 9(ii)] when g is not type A,.; see [[CIK, Theorem 2] and [KV| Corollary
3.3] when g is A,y. i

Remark 2.8. When g is of type A,;, part (2) of the Corollary does not hold for the diagram
automorphism. This is one of the reason that we use the ‘standard’ automorphism o

In view of (9)), by this Corollary any Weyl module of g[#]” is isomorphic to a twisted
Demazure.

3. GLOBAL DEMAZURE MODULES OF TWISTED CURRENT ALGEBRA

In this section, we define twisted global Demazure modules and study their basic
properties. We also prove that when the level is 1, the global Demazure modules can be
identified with twisted global Weyl modules.

3.1. General twisted global modules. Let V be a cyclic graded finite dimensional g[7]-
module with a cyclic vector v, of weight € P* such that

(11) 5011 - v, = 0,

and the degree of ¢ is 1. For any x € g, v € V, we denote by xt° the element x ® ¢° in
g[t]. We denote by v[f] the vector v ® f in the vector space V[z] := V ® C[z], for any
v € Vand f € C[z]. Following [FM, subsection 1.3], we define a g[t]-module structure
on V|[z] as follows,

S s ) )
(12) xt' e v[f] = Z(—l)s_’ ( .)(xt’ WLf -]

=0 J

where [,k > 0,x € g,v € V. It was shown in [EM, Section 1.3] that V[z] is a cyclic

module with the cyclic generator v[1].
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Consider the cyclic graded finite dimensional g[z]-modules V1, ..., V,, where V; has a
cyclic vector v; of weight y; such that th[z] - v; = 0. Set

(13) wi=v[l1ewn[l]e---®v,[1] € ), Vilzl.

Definition 3.1. Similar to the untwisted case in [DE], we define the twisted global mod-
ule R7(Vy,...,V,) tobe acyclic U(g[#]”)-module generated by the vector w as follows,

RO(Vi,...,V,) == U@g[]") + w C @ Vilzil.
i=1

Moreover, we define a right U(b[z]”)-action on R (V4,...,V,) by
(14) Uew)h=us(h-w),

where u € U(g[#]?), h € UH[£]7).

Lemma 3.2. This action (14)) is well-defined.

Proof. 1t suffices to show that if u « w = 0 for some u € U(g[#]”), then
ue(ht* «w) =0
for any hr® € p[r]7. It follows from the definition (I2]) with the following calculations:
we(ht® ew)=use(ht'«([1]1Q---@v,[1]))

n

u-(Zvl[l]®--~®(ht“‘-vi[l])®~~-®vn[1])

i=1

=Ue ( i(—l)s,u,-(h)vl[l] ®---® V,'[Zis] K- Q® Vn[l])
i=1

D (D (118 - @ vilz]1® - ®v,[1])
i=1

=0 O
From the proof of Lemma we know the action (I4) commutes with the g[7]7-
action, and only depends on the weights w1, ..., u,. Set @ = (ui,...,u,) and we define
(15) A7 () = UH[1]7)/Ann(w)

as the quotient of U(h[7]”) by the annihilator of w defined in (I3). Following [DFF,
Section 2.2], we call A7 (i) a twisted weight algebra associated to w. Then, the twisted
global module R (Vy,...,V,)is a (g[t]7, A’ (&))-bimodule.

Consider the following embedding
(16) A7 (L) = A7(f{) +w = Clz1, 22, - -+, 2l
given by ht’* = (=1)°(ui(h)z} +- - -+ u,(h)z)). Then, A7 (D) can be realized as the algebra
generated by the following elements

W2 + (M + -+ (W™ | heh;,0< j<m—1,5 >0},

where b; :={h €| o(h) = €/h}.
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Example 3.3. Let v be a vector of weight w;, where j € I. For any ht* € h[t]7, ht*«v[1] =
(=1’w;j(h)v[z*] is non-zero if and only if m; | s, where m; is the order of the stablizer
of the vertex j under the action of the cyclic group (o). Thus, A’ (w;) = C[z"]. In
particular, when g is Ay, m; = 2 for any j.

Similar to the untwisted case in [DE], we have the following result.
Proposition 3.4. A7 (i) is a Noetherian ring.

Proof. Consider an element 2 € b7 such that (u;, + --- + u; )(h) # 0 for any subset
{it,... i} c{1,...,n}. Let A7(id);, be the subalgebra of C[z;, z,, . . .,2,] generated by

(W) + (W25 + - - + u(h)z,” | s 2 0}

Then we have the following embeddings
A ([ = A ) = @) A” ().
i=1

It was shown in [BCES| Proposition 2.6] that ®?=1 A7(u;) is finite over A (i), and
hence is finite over A’ (). Note that A7 ({), is Noetherian. By Artin-Tate Lemma
[AM, Proposition 7.8], A7 (i) is finitely generated over A (1),. Thus, A7(Q) is also
Noetherian. O

Remark 3.5. The definitions and results for R7(V1,. .., V,) and A’ (i) in this section also
works when every y; is anti-dominant.

In the rest part of this subsection, we discuss the fibers of twisted global modules.
For a point p € A! — {0} and a g[t]-module V, we denote by V,, the module V with a
new g[t]-action with a shift by p, i.e. it is given by

(17) xt'ev:i=x(t—p)’ v,
where xt* € g[f],ve V.

Proposition 3.6. Let V| be a cyclic finite dimensional graded o[t]”-module, V,,...,V,
be cyclic finite dimensional graded g[t]-modules. Let p € A" such that p, = 0, p" # p;f’

for any i # j. Then, the tensor product V| ® ®?:2 Vip; is a cyclic U(g[t]”)-module.

Proof. Cf.[KV, Section 6.3]. One can also prove this proposition by using a similar
method in [FL1, Proposition 1.4]. O

When V is a trivial module, we get the following special case.

Corollary 3.7. Let p € A" such that p" # p} # 0 foranyi # j. The tensor product
®?:1 Vip; is a cyclic U(g[t]”)-module. O

The U(g[¢]?)-module ®?:1 Vip: 18 cyclic, and hence has a filtration induced from the
t-grading on g[r]7. Let gr( ®?:1 V; ) denote the associated graded g[f]”-module of

®:l:l Vis[’i’
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Proposition 3.8. Let p € A" such that p" # P} #0foranyi# j. Foreach1 <i<n,
let V; be a cyclic graded finite dimensional g[t]-module with a cyclic vector v; of weight
Ui € P* such that th[t] - v; = 0. There is a surjective morphism of g§[t]”-modules

(18) R* Vi, Vi) @y Cp » (R) Vi

i=1

Proof. Consider the composition of morphisms of g[#]”-modules

R°(Vy,...,V,) ®ary Cy — (® Vi[Zi]) ®ar Cz > ® Vipi-
i=1 i=1

Now the proposition follows from Corollary [3.7|which asserts that the right hand side is
a cyclic g[¢]”-module. O

We will show in Theorem [3.13] that the map (I8) is an isomorphism for Demazure
modules. The following theorem is a special case of [KV) Theorem 7], which will be
crucially used in Section[3.2]

Theorem 3.9. Let p € A" such that p}' # p7 # 0 for any i # j. Given A,..., 4, €
X.(T)*, let A be the image of 3.; A; in X.(T),. Then, there is an isomorphism of g[t]°-
modules

D7, }) ~ gr( @ D(e, A,),,,.). .
i=1

3.2. Twisted global Demazure modules. In this subsection, we define the global De-
mazure modules of twisted current algebras, and study their basic properties.

Given 1 = (A1, ...,4,) € (X(T)")", for each i, let v; be the cyclic generator of the
Demazure module D(c, 4;) of g[7] which is of weight —ct(4;), as in (I0). Recall Section
[3.1] one can define the following twisted global module

R7(D(c, 4y),...,D(c,4,)) = U(g[t]”) » w,

where w = v([1]® --- @ v,[1] € ® D(c, A)[z;]. Moreover, this global module has a
right A’ (c, /T)-action, where A’ (c, 71) = UD[z]7)/Ann(w) is the twisted weight algebra
associated to w. We remark that A%(c, 1) = A’ (—cu(1)), see (I3). By (16)), we have an
embedding A’ (c, /T) — C[A"] :=Clz1,...,2]

Definition 3.10. We defined the twisted global Demazure module D’ (c, /T) to be the
following (a[£]”, A”(c, A))-bimodule

(19) D7(c, A) := R7(D(c, A1), ..., D(c, 4,)).
We will denote by D7(c, )5 := D”(c, 1) ® .1, Cp the fiber at a point jf € A",
We now determine the generic fibers of the twisted global Demazure module.

Lemma 3.11. With the same setup in Theorem there is a surjective g[t]”-morphism

(20) D7 (c, A » (X) Dic, i),
i=1
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As a consequence, there is an inequality
@1 dim (D(c, 1)) > dim( X) D, a,.)pi) — dim (D" (¢, 7).
i=1

Proof. The surjective map is given by Proposition The inequality follows from the
surjection (20) and Theorem[3.9 O

Theorem 3.12. Given Ay,...,4, € X.(T)", let A be the image of A := Y, A; in X.(T)%.
There is a §[t]”-isomorphism
D (¢, D)o = D (c, ).

Our proof is similar to the proofs in [DEE, Proposition 4.9] and [DF, Proposition
2.13].

Proof. Tt is known that the function ¢(p) := dim (D7 (c, /T)ﬁ) is upper semicontinuous,
cf. [Ha, Expample 12.7.2]. Note that for any 7 # 0, the function ¢ is a constant on the
punctured line {ap | a € C*}. It follows that

(22) ¢(0) > ¢(p), forany g e A".
Combining with (1)), we get
(23) dim (D" (¢, A)o) > dim (D (c, 1)).

From Theorem D?(c, A) is isomorphic to the quotient of twisted Weyl module
W9 (ct(2)) by a submodule M, where M is generated by the elements in Theorem
part (2). To prove the theorem, it suffices to show there is a surjective map

D7 (c, ) = W (cu())/M - D(c, 1.
We first show that the map
(24) Y 2 W (cu) » D7(c, A) ®ge .1 Co

sending w; to w® 1 is well-defined. It is clear that the first three defining relations in (/)
for wy also holds for w® 1. The reason is that w = v{[1]®v,[1]® - - - ®v,[1] and by part
(1) of Theorem [2.6] v; satisfies the following relations

(25) n[f]-vi=0,5RClt]-vi=0, (h® 1) v =—c(d;, D)v;, (eq ® )1y, =0,

where a € R*, k,; = ¢ max{0, (1, @") — s}.

We now check the last relation in (7). When g is not A,, for any @ € R*, if « is not
fixed by o, then the roots @, o(@), ..., () are all distinct and orthogonal, cf. [Sp2]
Lemma 1]. In this case, we have k, = c(1,a") > ¢ Z;f’:_ol (1, o/(a")), and

m—1

ko+1 m—1
(26) (ea,())k(ﬁ—l W = (Z eo'j((l/) ® 1) W = Z n(eo'j(a/) ® l)sj o W.

Jj=0 » Sj=ka+1 j=0

In each term of the right side, there must be an s; > c(4, ol@)+1= kgiyo + 1. For
this s;, by the last relation in (25)), we have (e ® 1) « (v;[1]) = 0, 1 < i < n. This
shows that the right side of is 0. Hence, the last relation in (7)) holds in this case.

When « is fixed by o, this relation can be checked similarly (actually easier).
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When g is of type Ay, and m = 4, the element e, € g[]” if and only if @ # a;y, see
Section Thus, @ and o (@) are either equal or orthogonal. By the same argument as
above, we still have (e, 0)**! «w = 0, where a # @;; and k, = c(4,a@"). This finishes the
checking of all relations in (7). Thus, the map (24)) is well-defined.

To complete the proof, we still need to show (M) = 0. When g is not A,,, the
submodule M is generated by the following elements (see Theorem [2.6)

{ea,msa W3 | a € R;—} U {ea,s(y W3 | @ € R:—}

By the equalities in [Kacl (5.1.1)] and (8), we always have s, = c(4,@") > c(1,07(a"))
forany @ € R and 0 < j < m — 1. When a € R}, by definition & is a long root of g”.
Then, (4, c/(a")) — ms, < (A, /(")) — mc(A, o/(a")) < 0, which implies

m—1

27 Cams, *W = Z Cqi(a) ® " ew = 0.
i=0

Similarly, one can show that e, ;, « w = O for any @ € R}. Thus, y(M) = 0.
When g is of type A,,, the submodule M is generated by the following elements

{eass, Wil a=izi-i,1 <i<lyUlegns+1-wala=airl <i<{)
Ul{eqas, *Wala=a;;oray 1 <i<{]

When @ # a;, the relations can be checked similarly as in (27). Now, suppose a = iy,
and let s = 55, = c(1,a” + 7(a")). We have

(anss1) oW = (€a @ + (=) ey @) e w = 0,

since (4, 77(a")) — 2s + 1) = (A, 7°(a")) — 2¢c(A,a” + 1(@”)) =1 < 0 for p = 0, or 1.
Thus, in this case we also have /(M) = 0.
Now, the map ¢ induces a surjective morphism

¥ D%(e, ) S W (c)/M - D (¢, .
By the dimension inequality (23)), ¥ must be an isomorphism. O

Theorem 3.13. Given Ay, ..., 4, € X.(T)*, let A be the image of 3'; A; in X.(T);.

(1) For any jp € A" such that p}" # P #0jforanyi# j there is an isomorphism of
g[t]7-modules

D(c, D)y = (X) Dlc, Ay,
i=1

(2) The twisted global Demazure module D’ (c, /T) is free over A’ (c, Z).
Proof. By Theorem , we have dim (D7(c, 1)) = dim (D?(c, 2)). Combining with
(22)), we get
(28) dim (D7 (c, 2)) = dim (D (c, 1))

for any p € A”". It follows that all three terms in the inequality (21)) are equal. Hence the

surjection (20) is an isomorphism. This proves part (1).
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From part (1), we get dim (D”(c, 1)) = dim (D (c, 1)) for any 7 such that p?" # pl#
0,Vi # j. By the semicontinuity of the function ¢(p) := dim (D (c, Z)ﬁ), we get
dim (D (c, );) = dim (D" (c, 1))

for any p € A”. Combining with (28]), this shows that ¢(p) is a constant function. Thus,
D7(c, ) is a graded projective A’(c, A)-module. Using the graded Nakayama lemma
(cf. [SP, Tag OEKB]), D(c, 1) is a free A’ (c, 1)-module. O

Remark 3.14. In Section [6] we will use the geometry of Beilinson-Drinfeld Schubert
varieties to fully describe the fibers of D(c, ) at any point in A", see Corollary

We now introduce some notations, which will be frequently used in this paper.

Definition 3.15. Denote by [#n] the finite set {1,2,...,n}. Let¢é = (I1,1,...,I;) be a
partition of [n]. We define A to be the following open subset in A",

(29) Ag:{ﬁeA”lpﬁ”ip?’, Viel,, jelga+p).
For any subset I = {i|,...,i ) C [n], set A’ = Spec Clziys---»2i]-

Example 3.16. When ¢ = ([n]) is the trivial partition of [n], we have Ag = A"; when
& = ({1},{2},...,{n}) is the finest partition, we have AZO ={peA"|p; # p;, Vi#jh

Given a partition ¢ = (I}, L, ..., I;) of [n], for any 1 < j < k, we label elements in
I; = {ji,..., js} by the natural order of integers, i.e. j; < j, < --- < j,, where s is the
cardinality of /;. For any point g = (py,...,p,) € A7 and 1 € (X.(T)")", we make the
following notations:

(30) P, = (pjis-...pj,) € A,
(31) /_l)]j :(/ljl""’/ljs)’

Wi, =Vj 11®---® Vjs[l] € ® D(c, Aji)[zji]'
i=1

For simplicity, we denote by wy [1] the generator w;, ® 1 of
D7(e, A1) 1= D7(e, Ap) @ 1, CLAT].

Proposition 3.17. (1) Forany A € X.(T)*, there is an embedding of §[t]”-modules:
¢ : D(c, Yar = D(c, Dlz]

defined by (usw)[f] — u«([f]) for any u € g[t]” and f € C[z], where w := v[1]
and v is the cyclic generator of D(c, A) as in ([I0).
(2) Let & = (1,J) be a partition of [n]. There is an embedding of o[t]”-modules:

(32) e : D7(c, Dar ®cpam CLAL — (D7 (e, A)ar ® D(c, A))ar) ®cpaixar CIAL]

defined by (u s w)[f1® g = ((uwp)[1]1® (u+wy[1]) ® (fg) for any u € g[t]’,
feCl[A"],and g € C[A;].
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Proof. (1) By Theorem@, the map ¢ restricts to an isomorphism D?(c, 1), ~ D(c, A),
at any p € A'\{0}. Thus, ¢ is injective.

(2) The map ¢ is well defined since u acts on w via Leibniz rule. Again, by Theorem
[3.13] it restricts to an isomorphism

D (¢, D)y = D7 (e, ), ®D7(c, )y,
for any p such that p" # p} #0,Vi# j. It follows that the map y is injective. O

Remark 3.18. In Section [6] we will show the injective map y is actually an isomor-
phism, see Theorem [6.5]

3.3. Twisted global Weyl modules. In this subsection, we identify the twisted global
Weyl module defined in Section [2.3| with the level one twisted global Demazure module.

Taking ¢ = 1 in Theorem and Theorem [3.13|and applying Corollary we get
the following results.

Lemma 3.19. Given a tuple of weights i = (uy,...,u,) € (P*)", let W(u;) be the local
Weyl module defined in Section[2.3} Then

(1) The global module R”(W(u,), ..., W(u,)) is a graded free A7 (—fi)-module.
(2) Let i € P} be the restriction of ), y; to ). There is a g[t]” -isomorphism

RT(W(u1), ..., W) ®ar—z Co = W (f1). O

Proposition 3.20. Given any fundamental weights p,,...,u, € P*, let i € P} be the
restriction of Y, u; to Y. Then, there is a §[t]”-isomorphism

W@ = RT(W), . .., W),
and an isomorphism A’ (1) ~ A’ (—{) of C-algebras, where i = (U, .. ., ly).

Proof. Let w; € W(u;) (resp.w; € W7(i1)) denote the cyclic generator with weight —u;
(resp. —f1). Similar to the map (24)), we have a surjective g[¢]”-morphism

(33) Wo(@) » R7(W(w), - .., W),
given by w; = w = wi[1] ® - - - ® w,,[1]. This induces a surjective map
(34) A7(@) = UD[z]7)/Ann(wg) - UH[1]7)/Ann(w) = A7 (=f).

We claim this is an isomorphism. We only prove the case when g is of type A,,. The
other types can be checked similarly.

Recall Theorem that A”(z) is a a graded polynomial algebra in variables 7, of
grade 2r, where 1 <i < fand 1 < r < (/). Set n; := ju(B/). Then, n = Zf:1 n;. In
view of [[CIK| Section 5.2 and 5.3], T}, is the image of P;, € U(b[¢]”) which is defined
as follows. For any 1 < i < ¢, set P;; := h;, which is defined in ). For r > 2, we
inductively define

,
1
Pi,r = ; Z hi,2s+2Pi,r—s—1-
s=0
18



Now, we determine the image of T;, under the map (34) by examining the action of P;,
onw, where 1 <i < ¢and 1 < r < n;. Suppose n; > 1, otherwise P;, will not appear.
From [ICIK], Section 5.4], we have

(35) Piew= Z (Pij, s wi[1) ® - ® (Pi, » wul[1]),

Jieta=r
where j; > 0 and by convention P;y = 1. Observe that ;s » wi[l] = w(h; +
(=) hayes1-)wilz;*+?] is nonzero only when i = w; or wye.1—;. Without loss of gener-
ality, suppose yy = w; for 1 < k < n, and u = wys1-; for n! + 1 < k < n;, where n; is
the number of w; appearing in f. Then, P;; » wi[1] = O whenever j; > 1, or k > r and
Jx = 1. Thus, the equation (35]) becomes

(36) Pi,r°W = Z (_1)a(W1[Z?jl]®"'®Wn,-[Zi-jni]®Wn,-+1[1]®"'®wn[l])’

i+t g =r l
where 0 < ji <1 anda:j,l;_ﬂ +
Recall the embedding A’ (—i) — Clzy,...,z,] defined in (16). Composing it with
the map (34), we get a morphism

(37) A%(@) = Clzi, ... Znl-

Given 1 <i < ¢, wedefine K; = {1 <k < n |y = w; or wypy1-;}, which is of cardinality
n;. The symmetric group S ,, permutes K;. Let S be the Young subgroup S, X --- X §,,
of §,. Forany 1l <k <m,setd, =1if u = w;; 6y = \/—_lif,uk = Wyey1-i. We define the
following polynomial

fr= Y G e @iz 6]

keK;, ¥ ji=r

From the computation (36), the map sends T;, to f;,. Note that {f;, | 1 < i <
{,1 < r < n;} is exactly a set of algebraically independent generators of the algebra
C[(6121)% ..., (6nzn)*]’. We conclude that is an embedding. It follows that the
surjective map (34)) is an isomorphism.

Now, both sides of (33)) are graded free A7 (1) ~ A”(—i)-modules, see Theorem
and Lemma Moreover, their fibers at O are the twisted local Weyl module W€ (ix).
By comparing their graded characters (as graded h”-modules), we conclude that (33)) is

an isomorphism. O

Theorem 3.21. Given fundamental coweights A, ..., A, € X.(T)" with A being the im-
age of 3, A; in X.(T)}, we have an g[t]”-isomorphism

D7 (1, 4) = W7 (D),
and an isomorphism of C-algebras A (1, /_l)) ~ A7(1(Q)).
Proof. 1t directly follows from Theorem [3.20|and Corollary O

Remark 3.22. From part (1) of Theorem 2.4 and Theorem[3.21] we are able to determine

the algebra A’ (c, Z) when ¢ = 1 and 1 is a collection of fundamental coweights.
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4. BEILINSON-DRINFELD GRASSMANNIANS OF PARAHORIC BRUHAT-TITS GROUP SCHEMES

In this section, we define Beilinson-Drinfeld Schubert varieties of certain parahoric
Bruhat-Tits group schemes, and we prove their flatness over the base.

4.1. Beilinson-Drinfeld Grassmannian. Let G be a reductive group over C. Let I" be
a finite group acting on G which preserves a maximal torus 7. Let C be an irreducible
smooth algebraic curve over C with a faithful I'-action. Denote by C the quotient curve
C/T. Let : C — C be the quotient map, and denote by p := n(p) the image of a point
p € C. For each point p € C, denote by I',, the stabilizer of p inT.

We define G to be the I'-fixed point subgroup scheme Resc,c(G X C)" of the Weil
restriction Res¢,s(G x C). We will simply denote it by G if there is no confusion. Now,
we prove an étale base change property of G which will be used in Section 4.4

Lemma 4.1. Let Cy, C, be irreducible smooth curves over C with a faithful I'-actions.
Let f : C; — C, be aT-equivariant étale morphism such that I',, = Iy, for any p € C.
Then the induced map f : C; — C, is also étale, and there is an isomorphism

(38) C,~C Xe, C].

Proof. We can assume C,, C, are affine curves. We denote by r; : C; — C; the projection
maps for i = 1,2. Let K|, K; be their function fields, and &, &, be the coordinate rings.
Then we have a diagram of field extensions

K1<—K2 .

|

K;’ — Kg
Observing that K; N K] = K7, we have
[K>KY : K] = [KaKT - KOllKy - KT 1 = [K] : KJ[K> : K31 =[K; : K7 .
Thus, Ky = K>K{. Since K;/K7 is finite, we have K; = K7 (6) for some 6 € K;, and
£(6) = 0 for some polynomial f over K{. By multiplying elements in &7, all coefficients
of f can be made to be in &7. Moreover, by modifying 6, we can further assume f is
monic and f(#) = 0. Thus, 6 is integral over O7. It follows that 6 is integral over 0.
Since 0 is integrally closed in K;, we must have # € ). Hence, K; =~ K o7 o,
since O is a free 07 -module of rank [K; : K7]. Similarly, we have K, = KY ®oy 0.
Therefore, we have
0, ®[jg Kf- ~ 0, ®ﬁg’ ﬁir ®(;>ir K(lr ~ K, = 0 ®ﬁ’f’ Kir.

By assumption, I', = I'y, for any p € C;. The map f induces an isomorphism
D, = Dy, of formal discs around p and f(p), for any p € C;. Thus, f induces an étale
map f : C; — C,. It follows that C,X¢,Cy is smooth. For any point (p, g) € CyX¢,C1, we
have m,(p) = f(g). We pick a point x in C; such that 77;(x) = g. Then m,(f(x)) = m(p).
Thus, f(x) = y(p) for some y € I'. Set X’ = y~!(x). Then, f(x') = p and m;(x') = q.
This shows the surjectivity of the map C; — C; Xg, C,. Since C, Xe, C, is reduced and
0> oy K7 ~ K, the curve C; X¢, Cy is integral and has the same function field as C;.

Therefore, we have an isomorphism C; = C; X¢, C. O
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Proposition 4.2. Under the same setup as in Lemmald.1|and let " act on G. We have an
isomorphism of group schemes over C,

Ge, = Ge, X, C1.

Proof. Given any scheme ¢ : S — C; over C, by definition G¢ (S) = Map' (CyX¢, S, G)

consists of I'-equivariant morphisms from C; X¢, S to G. On the other hand, (G¢, X¢,
C1)(S) consists of '-equivariant morphisms from C, X, S to G, where S is regarded as
a scheme over C; via fo g : S — C,. By Lemma“ we have an isomorphism

C XCI ~ (C, Xe, 1))(@15 ~(C, XC'ZS-
Thus, G, (S) = (Ge, X¢, C1)(S) for any scheme S over C;. O
For any C-algebra R, and any morphism p : Spec(R) — C, we denote by A, C

C X Spec(R) the graph of p. Let Cx := C x Spec(R). We denote by A,, the formal
completion of C along A, and by A; the punctured formal completion along A,,.

We recall the Beilinson-Drinfeld Grassmannians of general group schemes.

Definition 4.3. Let X be a smooth algebraic curve over C. Let G be a smooth affine
group scheme over X. The Beilinson-Drinfeld Grassmannian Grg ¢ and the jet group
scheme L*Gyx» over X" are defined as follows: for any C-algebra R, define

Grgx»(R) := {(pl, e ,pn,ﬁ‘:,ﬁ)‘pi € X(R),F aG-torsor on Xz, : Flxeua, = ?CL|XR\UAm}

and
L+QX”(R) = {(]717 <5 Pns 77) ‘ Di € X(R)7 n: TlJA;’_ = 7leA;[} ’
where ¥ is the trivial G-torsor on X, and @,[ is the completion of Xy along UA,,..

There is a left L Gx»-action on Grg x» given by the following map

L+gxn X Grg’xn - Grgyxn
(B, (B.F.B) = (B, F".B),

where by Beauville-Laszlo’s Lemma, there exists a unique G-torsor ' (up to a unique
isomorphism) with isomorphisms 6 : '+ = F I@. and B : F'lepwn, = Flonua,

such that 8’ o §~ 1| 5+ =nopl . Here UA = (U/A\pl.) N (Xg \ UA,,).

Proposition 4.4. Let f : X — Y be an étale morphism of irreducible smooth curves.
Let Gy be a smooth affine group scheme over Y, and let Gx = Gy Xy X. Let Z =
{1, o0x0) € XM X # xj, f(x) = f(x;) for some i # j}. We have an isomorphism

Grg, xnz = Grg, y» Xy (X" \ Z).

Proof. Let S be a scheme over C. When n = 2, an S -point (x;, x;) € (X>\ Z)(S) is a pair
of points xi, x, € X(§) such that the equalizer Eq(xy, x,) of x;,x, : § — X is naturally
isomorphic to the equalizer Eq(y;,y,) of y;,y, : § — Y, where y; = fox; € Y(S).

We shall show fg = fXid : Xg¢ = X XS — Y X § = Y5 induces an isomorphism
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I',ul',, = Iy, UI',,. Firstly, fs is étale and restricts to isomorphisms I',, = I'y and
I'y, = T,. Since Eq(x, x2) =~ Eq(y;,y>), we have an isomorphism

R C

[y Xx, 'y, = Eq(x X1id, x, X 1d) = Eq(y; Xid, y, X id) =T, Xy, T',,.

Thus, fs induces an isomorphism I'y, UT',, = I'y UT,. Recall that FXI/U\FXZ(R) ~ {¢ :
R—->XXS|¢poae [y Ul',)(Red)}, Where @ : Req — R, cf. [SP, Tag 0OGBA]. Thus,
we have a map Fxl/Lﬁ“xZ(R) — Fyl/U\FyZ(R) given by ¢ — fs o ¢. Since fs is étale,
conversely, for any ¢ € l"y]/Lﬁ"y2 (R), we have a unique lifting i € l"xl/u\l")62 (R), i.e.

(39) Reg—— X XS .

[ 27
v
R——Y xS

This gives rise to isomorphisms

(40) r,ur, ~I,ul,, I,Ul, ~I,ul,

2
where * represents the punctured formal completion. Let  be a Gx-torsor over Xg with
a trivialization 8 : Flxs\r, ur,,) = 7 lxs\x,ur,,). By Beaville-Laszlo lemma, this is
equivalent to the data consisting of a torsor ¥ over I',, UT',, and a trivialization 5" over
Fx,/Lﬁ“x;. By isomorphisms in , we get a torsor P over l"y,/Lﬁ“y2 and a trivialization
n over Fyl/ﬁyz*. Again, this is equivalent to the data of a Gy-torsor over Yy with a
trivialization over Y5 \ (I'y, UT,), which will still be denoted by # and 5. Thus, we get
an isomorphism
GrQX,XZ\Z - Gl’ghyz Xx2 (X2 \Z),

given by (Xl’ X2, Taﬁ) = ((Yb Y2, P’ n)’ (.XI, -x2))'
When n > 3, by induction on n, we assume that fs induces an isomorphism

r,u---Ul, =T, U---UT, .

Then’ (U?;ll in) XXs Fxn = U?L;ll(rxi XX Fxn) = U;':ll(ryi Xy Fyn) = (U::ll Fyi) Xy Fyn'
Thus, fs induces an isomorphismI'y, U---UT', =T, U---UI . By the same argument
as in the case when n = 2, we have isomorphisms U/l?x ~ U/iFy,-’ Lﬁc* > U/,-?y,.*, and

Grg, xnz = Grg, y» Xy (X" \ Z). O

Remark4.5. Whenn = 1, Z is the empty set. In this case, Proposition{4.4|is exactly [Zh2|
Lemma 3.2]. When n > 2, a statement was formulated incorrectly in [Zh3), Prop.3.1.20].

In the following sections, we will only consider the parahoric Bruhat-Tits group
scheme G¢ = Resc;(G x C)" over C.

Definition 4.6. We denote by Grg,. c» := Grg,c» Xen C" the base change of BD grass-
mannian of G to C". More precisely, for every C-algebra R, we define

Grgo.c(R) = {(p1..... pw F.B) | pi € CR).F a G-torsor on C.8: Flegua, = Fleqony, |

If there is no confusion, we will simply use the notation Grg c».
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The BD Grassmannian Grg ¢ is an ind-scheme, ind-of-finite type and ind-projective
over C", see [Zh3, Remark 3.1.4]. The following result is a consequence of Proposition

4.4

Corollary 4.7. (1) Let X, Y be irreducible smooth curves with faithful I'-actions.
Suppose [ : X — Y is an I'-equivariant étale morphism such that 'y, = 1"y for

any x € X. Let Z = {(x1,...,x,) € X" | X; # X}, f(x;) = f(x) for some i # j}. We
have an isomorphism

GI'Q;(,X"\Z = Grg}_,’yn Xyn (Xn \ Z)

(2) Let C be an irreducible smooth curve with a faithful I'-action such that all points
are unramified. Let Z = {(xy,...,x,) € C"|x; # x;,X; = X for somei # j}.
Then,

Grgecnz = Grg.cn Xen (C"\ Z) = Grg, conz,

where G is the constant group scheme over C.

Proof. For part (1), by Lemma 4.1| and Proposition f induces an étale morphism
f : X — Y and there is an isomorphism Gg ~ Gy Xy X. Let Z = {(p1,..., pn) € X" | p; #
pj» f(p)) = f(p)) for some i # j}. Then (xy,...,x,) € Z if and only if (%;,...,%,) € Z.
By Proposition [#.4] we have an isomorphism

(41) Grg, xnz = Grg, yn Xyn (X" \ Z).
Note that there are isomorphisms
Grg, xnz = Grg, g Xz (X" \ Z) = Grg, gn Xz X"\ Z) Xgnz (X" \ Z)
Grg,.y» Xyn (X" \ Z) = Grg, y» Xgn (X" \ Z) = Grg, g Xyn X"\ Z) Xgnz (X" \ Z).
By a base change to X" \ Z, the isomophism (#T]) becomes
Grg, xnz = Grg, y» Xy (X" \ 2).

For part (2), consider the étale morphism 7 : C — C. We have an isomorphism
Gc = G X¢ C. By Proposition #.4] we get an isomorphism

Gch,C”\Z =~ Grgc,’c-n Xén (Cn \Z) O

Leté = (14,...,I;) be a partition of [n]. Similar to Definition , we define C 2’ to be
the following open subset in C", '

Cg’ ={p1,....,pn) €C" | pi # pj, Vi€ l,, j€ Jg,a # B}.

Then, Grg c» and L*Gc» have a factorization property over C; as follows

k

(42) Gl’g,cg = Gl’g,cn Xcn Cg ~ (1—[ Grg,c’f) Xcn C;,
j=1
k

(43) L*Ge; 1= I'Ger xen € = ([ | 176 ) e €L
=1
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4.2. Beilinson-Drinfeld Schubert varieties. With the same setup as in Section 4.1], we
define a -action on C"*! = C"x C by letting I act on the last copy of C. More precisely,
this action is given by

(44) Y(P1s- s Prs Prs1) = (P1o- v s Pns YDne1),

foranyy € T, (p1,..., Pu> Pus1) € C™L.

Let T be a I'-stable maximal torus in G. Given any 1= (A4, 42,...,4,) with A; €
X.(T), we shall construct a I'-equivariant tensor functor F from the category Rep(T)
of finite dimensional representations of 7' to the category Coh'(C"*!) of locally free
sheaves of finite rank over C"*!. For each character v of T, we define

(45) F(C) = Oc( ) Y 0D )
i1 yel
where A, ; 1= {(a1,az, . .., Ay, Gns1) | @ui1 = ya;} is a divisor in C"*1.

Lemma 4.8. This assignment [3)) extends to a tensor functor F : Rep(G) — Coh"(C™)
which is I'-equivariant in the sense of Definition As a consequence, by Theorem
this functor F gives a (I, T)-torsor F over C"*'.

Proof. For each n € T, denote by 7 : T — T the map sending h to n(h). Let n; :
Rep(T) — Rep(T) be the pullback functor induced from r;. Define the I'-action on
X*(T) by

n()(@0) = v(y~' (1)),
wheren € I', v € X*(T), and ¢ € T. Then, we have 17;.(C,) = C,-1(,, and

(460 Fii(C) = Ocn( ) 3 0.7 OM8) = O D 3 (0.7 )
i=1 yel i=1 yel
forany np € I'and v € X*(T).
Let Y := C™! be the variety with the T-action given in (@4)). For each n € T, denote
by ny : Y — Y the map sending y to n(y). Let ny, : Coh'(Y) — Coh'(Y) be the pullback
functor induced from ny. Then, there is an isomorphism

4 mEC) S ﬁcw(zn] D1 = ﬁcm(i >y, MAy)

i=l yel i=1 yel'

Combining (46) and @7), for each n € T, we have an isomorphism between tensor
functors 6, : Fn; — nyF. One can check that F together with the collection of iso-
morphisms {6, },er satisfy the axioms of Definition This extends to a ['-equivariant
functor from Rep(T) to Coh"(C"*1). O

For any C-scheme X with a I'-action, we denote by Fx := X X G the trivial G-torsor
over X with a I'-action acting diagonally on X X G, and call it the trivial (I, G)-torsor
over X. For the general definition of (I, G)-torsors, see Definition [A.1]

Definition 4.9. A (I', G)-torsor # over a scheme X is called locally trivial if for any

x € X, there exists an open neighborhood U, of x such that
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(1) U, is stable under the stabilizer I', of x,
(2) Ply, is isomorphic to the trivial (I'y, G)-torsor ¥, over U,.

Note that not every (I', G)-torsor is locally trivial, and in fact this is determined by
local types of (I', G)-torsors at ramified points, see [DH].

Lemma 4.10. The (I', T)-torsor F constructed in Lemma is locally trivial over C™*'.

Proof. Let x be any point in C"*!. We will find a I'-stable neighborhood U, of x in C"
such that ¥ is trivializable over U, as (I', T)-torsors.

Let I', be the stabilizer of x in I'. Given 1 < i < n, suppose that x € A, ; for some
n; € I'. In this case, we observe that x € A, ; if and only if y € ,I';. Hence there exists
an open neighborhood U; of x with a regular function f; over U; such that f; defines
A,.i N U;. Moreover, we can shrink U; so that U; N A,; = 0 for any y ¢ nI',. For the
given i, if x ¢ A,; for any n € T, by convention we take n; = e, U; = C™*' \ Uyer Ay,
and f; = 1. Combining the above constructions, for any x € C"*!, we have the following
open neighborhood U, of x in C"*!,

U, = ﬂ ﬂ in,
i=1 yely
and a collection of functions {f;};=;.. , defined over U,. Clearly U, is I',-stable. More-
over, for any 1 < i < n and y € nI,, the regular function yni‘l f; defines the divisor
A,; =y 'A,, over U,.
Now, for each character v of T, denote by D, the divisor )}, 2yer{y(4), v)A, ;. Set

5= [T om pro.

i=1 'yemrx

Then f, defines the divisor D, locally in U,, since U, N A,; = 0 for any y ¢ nl..
For any characters v,w € X*(T), we have f, - f,, = f,+o. Consider the tensor functor
FO:Rep(T) — Coh''(U,) sending C, to Oy, ®c C,. Itis easy to see FV is I',-equivariant
and this gives a trivial (I',, T')-torsor ??UX over U,. Moreover, there is an isomorphism

8 Flu(C) = 0u( ) Y v 0yi) > O, = FUC)),
i=1 yel
where the first isomorphism is given by multiplying by f,. One can check that these
isomorphisms {¢, },x-r) respect the tensor structure since (D,) ® O(D,,) = O(D,.,).
Thus, there is an isomorphism ¢ : F|y. — F° between tensor functors. By Theorem
¢ induces an isomorphism ¢ : F lu, — 7?Ux between (I',, T)-torsors over U,.
Therefore, ¥ is locally trivial following Definition O

Set U = C™'\ U, A,;. Let F° : Rep(T) — Coh"(U) be the tensor functor sending
C, to Oy ®c C,. Then, F is I'-equivariant, and it gives a trivial (I, T')-torsor ?O‘U over U.
For each v € X.(T), there is a natural isomorphism

(48) 1 Fly(C,) = F(C,).
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Then, {1,},e7~ defines an isomorphism 7 : F|y = F°. By Theorem this is equiva-
lent to an isomorphism |y = 73”U, which will still be denoted by 7.

Let F; := ¥ %' G be the (', G)-torsor over C"*! induced from #. Then, 1 in-
duces a trivialization ng of F¢ outside (J,; A, ;. By Lemma Fc 1s a locally triv-
ial (I', G)-torsor. We define a morphism 7 : C**!' — C" X C by (p1,..., Pps Pus1)
(P1s- . Pn> Pus1)- From the local triviality of Fg, m.(Fg)' is a G-torsor over C" x C, de-
noted by 7. Moreover, 7 induces a trivialization 7 of & outside 7( Uy Ayi) = Ui Ap,s
where P; : C" — C is the projection map sending 7 to p;.

We construct a section s; : C" — Grg ¢ as follows:

(49) S,T:(Pla-'-vpn,f_/af’)’

Definition 4.11. The Beilinson-Drinfeld Schubert variety @;Cn of G over C" is defined

to be the schematic image of sy : L*Gen — Grge.. Whenn = 1, @;C is also called a
global Schubert variety of G.

Proposition 4.12. Given any le (X.(T)*)" and any partition & = (I, - - , I}) of [n], the

.= .. .
BD Schubert variety Grg . has a factorization property over C3, i.e.

=

5 k
— —1
(50) Grg: = (]_[ " f,_)xcn cr,

J=1
where /le is defined in (31).

Proof. Tt suffices to prove the case when & = (I, J). The map (42)) can be given explicitly
as follows:

(51) (O Grg’cg ~ (Grg’cl X Gfg,cf)|cg,
(ﬁ’ T’ﬁ) s ((ﬁl’ ﬁaﬂ])’ (ﬁl’ f/’ﬁ‘/))

where by Beauville-Laszlo’s Lemma, there exists a G-torsor ¥; with isomorphisms ¢; :
TI'UEK,;,- = TUQX;—,,. and f3; : ﬁlCR\UielApi - F |C'R\u[elA,-,i such that B; o 5;1|UEKF~* = ﬁlugzﬁi*;
¥, are defined similarly.

~ Letsy, : Cc' - Grg,cr (resp. s;,) be the section defined by (#9). We shall show there
is an equality of sections over C;

(52) D o s3lcr = 57, X 57, lcz-

Recall the definition (@9) of ¥ := n,(F x” G)' and 7, where F is a (I, T)-torsor defined
via the functor F in (45]), and 7 is the map induced from the natural maps 7, in {&8).

Denote by D;, the divisor ( Xe; Xyer{y(4), V)A,;) N (Cg x C) in C; X C, and define
Dy, similarly. One may check that D;, N D;, = 0 for any v. Let U; C Cg_.’ X C be a
neighborhood of D; := ( Lie; Xyer A1) N (C; X C) such that U; N Dy, = 0 for all v, and
letpr, : Ci xC — C! x C be the projection map, then

ﬁcm(i DA, = O Dr) = pri(GencrD))

i=1 yel
26



By the definition of map (51]), we have an equality of sections over C i
®o Sj|c; = ({Py}ier, F1, 1), ({P;}jess Fi T_]J))|C;§7

where F; = 1.(F; X" G)' is a G-torsor, 77 is the (T, T)-torsor constructed via the functor
F; : Rep(T) — Coh"(C! x C) given by F/(C,) = Ociyc(pr,(Dy,)), and n; is the triv-
ialization induced from the natural maps 77, : Ocixcrpr,0)(PY(D1y)) = Ocixerpro»
v € X*(T). By definition (49), ({Pi}jel,ﬁ’},, ) is exactly the section S7, C' - Grg .
Similarly, ({P;}ics, Fr,111) = 5%, This shows that ® o Sz|cg = 53, X Sz,|cg~ We also notice
that the map ® is compatible witl} the factqrization 9f L*Gen. It follows that the map

. . . ——1 I =
(51) gives an isomorphism ® : Grg.cr = (Grg’cl X Grg’cj)| o O

4.3. Convolution Grassmannian. With the same setup as in Section 4.2} we define the
convolution Grassmannian Convg ¢ as follows: for each C-algebra R,

ﬁ: (plv v ’pn) € CVl(R)’
Convg.cr(R) := { (B, (Fi.B),) | F1s - - - » Fn are G-torsors on C,
Bi: Filepa, = Ficilepa,» Fo = 7.

There is a left L*Gcn-action on Convg e as follows. Given (7,{) € L*Gcn(R) and
(P, (Fi.B),) € Convgcn(R), by Beauville-Laszlo’s Lemma, there exists a G-torsor ¥

with isomorphisms 0; : F/|p. = Filp, and @; : F/lc,\p, = ?O'IC*R\DI. such that ¢; o 51.‘1|Df =
Lo o---0fp, where D; is the formal completion of C, along the divisor D; := | A

1<j<i

and ﬁl’.‘ := D; \ D,. Thus, we get the following map

L"Gen X Convg cn — Convg cn

(B0, (B FuBILD) = (B (FL B,

L 671 oBiodilp
where B : F/lcpn, = Fiilcan, is givenby i =4 =1 ™ 1Dy
" " @ ° ai|CR\Di

Moreover, there is a convolution map
(53) m : Convg cn — Grgcn,

sending (7, (F7,B),) to (7, Fu,B1 © --- o B,). One can check that this map is L*Gcn-
equivariant. Let & = ({1}, {2}, ..., {n}) be the finest partition of [n]. We have the follow-
ing isomorphism over Cj = {(PeC"| p:# pj, Vi#j},

m -
(54) ©On - COHVg,C"|c;0 — Grg,cgo = (Grge X - - x Grgo)| e

sending (7, (5, B)L,) to (i, Fils, . Br -+ © il ILy).
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Following [Zh3|, (3.1.22)], we define an L*Gc-torsor E over Convg cn1 X C by
P=Pi....,p) € C"(R),

Fi,...,Fn1 are G-torsors on C,

B Filean, = Fitlenay, Fo := 7

a: Fuilp, = ?o'lgﬁn.

E(R) = (pa (faﬁl = 1’a)

Then, there is an isomorphism
(55) f:ExE'9 Grg e = Convgen,
((B.(F.BY= ). (F.B) = (B.(Fi.B))

where by Beauville-Laszlo’s Lemma, there exists a G-torsor 7, with isomorphisms f3, :
Fuleaa, = Fn-ilcpa, and 6 @ Fula,, = Fla, such that B, o 5‘1|g7_m =a'o Bla; -
Composing f with the map (54)), we get an isomorphism over C %

(56)  (pofle, : @x" Grge)ley = (Grge x -+ % Grgc)ley,
((B.FLBIE @) (F.B) = (P Fils, o Br o~ 0 Bila: Vi)

By the constructions of ¥, and 3, above, we have
(pna Tn'AﬁnaBI S oﬁnlA;n) = (pn’ 7:|Aﬁ,,’ﬂ1 SR Oﬁn—l o a_l Oﬁ'A;ﬁ)ﬂ)
Combining (56) and (54), we get an isomorphism over Cf,

(57) ¥« (B xE9¢ Grg.c)ley = (Convgcrt X Grg.c)ley,

(B, F B @), (F.B) = (2 i B (s Fa, - € 0 Bla: )y

where { = (Byo--- O,Bn—l)|Aﬁn oale LG,
In summary, we have the following commutative diagram

LG
(5 8) (E X~ gc Grg’c)lcgo Ten COl’lVg’Cg0

)
‘pll 2 lﬂon

(COI’IVQ’Cn—l X Grg,c)lcgo m (Grgc XX Grg’c X Grg’c)lcgto

Definition 4.13. The convolution Schubert variety Convg .. is defined inductively as
———1 —1
follows: when n = 1, set Convgc = Grgc; when n > 2, define
+o. =
Convg on = El Com ity ><L Ge Grg,c
QC -

Now we would like to give another construction of the convolution Schubert variety.
For each character v of T, we define

FiC) = Ocn S St V)

k=1 yell
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This assignment extends to a C-linear tensor functor F; : Rep(G) — Coh(C™). By
the same argument as in Section F; gives a locally trivial (I, T)-torsor F; over C"*1.
Moreover, the natural maps 5,; : F i(Cv)|C"><C‘—Ap[_ =S F i—l(Cv)lcnxC_—Api for all v € X.(T)
induce an isomorhism B; : Filcixc-a, = Fi-tlenc-ny -

Set Fig = F: X' G. Then 7: n.(Fic)' is a G-torsor over C" x C, and j3; induces an
isomorohism S; : Filcuxe-— A, = Fitlcrse— Ap» where by convention ¥ is the trivial torsor.
We construct a section 35 : L C" Convg c» “as follows:

(59) /_i: (Pl"--’Pn’(?-i’ﬁi [:1)-
Denote by C6nvén the schematic image of §; : L*Gc — Convg cn.

Lemma 4.14. For any partition ¢ = (Iy,...,1I;) of [n], there is an isomorphism @ :
Convgcr — ( Hle Convg,cz,»)lcg satisfying the following commutative diagram

(60) COI’IVQ’CE - Grg’cz_f

@lz el@

[Tm
( H, 1 Convg cr; )lC" —( Hl 1 Grg i )|c"

Moreover, we have ® o §X|C; =T1] Ej.lcn. It follows that ® induces an isomorphism

k
Convg o= n Convg cl c"'
i=1

Proof. We first define the map ® as follows,

(61) @ : Convger — ]_[ Convg i, )

i=1
(7, (Fi Bi=y) > T1(Prs (ﬁ/,ﬁ})jel,-)
where by Beauville-Laszlo’s Lemma, for any j € I; and the index j’ right before j in the
ordered set [;, there exists a G-torsor T’ with isomorphisms «; : 7:.’ | Ay, F il Ay, and
Pj J

B T’IC-R\A -7, ICR\A such that 8/ o @ llA* =B Topio- Oﬁle One may check
this is an 1somorphlsm and satisfies the commutative diagram (60)).

Let §; : C' — Convgcr be the section defined by (59), we shall show @ o Siley =
[153 |cg over C for any partition £. For the simplicity of illustration, we will only prove

a special case forn =4 and ¢ = (I, J) = ({1, 3},{2,4}), which indicates the argument in
general. Recall the definition (39) of F; := m.(F;x” G)' and 7;, where F; is a (T, T)-torsor
defined via the functor F; : Rep(T') — Cohf(Cm+) given by

FiC) = Ocn S S, MAs)

j=1 yer

and 7; is the map induced from the natural isomorphisms 7n,; : F (CV)lchC\U_jgi A, =
F O(Cv)|cn><c\u_/-g,- A,;» vV € X*(T). Denote by D, the divisor ( 3,cr(y(4:), VA, ;) N (C’g x C)
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in Cg x C. One may check that D;, N D;, =@ foranyi=1,3, j=2,4. LetU; C Cg x C
be a neighborhood of (Uiesyer Ay,) N (C¢ X C) such that Uy N (D, U Dy,) = @ for any v,
and let pr; : C x C — C' x C be the projection map. Define U, and pr, similarly. Then

ﬁcml(Z()’(ﬂ]),V)Ay,l)'Ul ~ Oy, (D) = Pr;(ﬁc’xc(Prl(Dl,v))NUl,

yell

3
O ( Z Z(V(/li)’ V>Ay,i)‘UI = Oy(D1, U Ds,) = Pri(ﬁclxc(sz(Dl,v U D3,,,)))|U[.

i=1 yel
By the definition of the map (61]), we have an equality of sections over C ¢
Do §j|cg = ((Pl’ P3’ 7}13 7-:3/5 7_715 7_7;’,)9 (PZ’ P4’ 7_39 7}/’ 7_7/2’ 7_7:;))|C§,

where T_‘S’ = m.(F; x G, and ¥5 is the (I', T)-torsor constructed via the following
functor F} : Rep(T) — Coh"(C! x C)

F}: C, = Ocixe(pry(Dy, U Ds,)),
17, is the map induced form the natural maps
M3y * Ocixcvpr s, (PT(D1y U D3y)) = Ocixevpr, iy (Pr(Dh,y)),

for all v € X*(T). By definition (39), (P, P3,F1, %4, 7. 7;) is exactly the section
511 :Cl - Convg cr. Similarly, (P2, Py, F,, F,, 15, 11}) = EL. This shows that ® o §Z|C;‘ =
53, % 51,|C;- Since @ is L+ch—equivariant, it follows that the map induces an iso-

morphism @ : C(;nvécg ~ (Cc;nvgcl X C()~nvéfc,)lcg. O
Recall that there is an isomorphism (54)) over G
@n COHVQ’Cnlch — (Grge X -+ X Grg,c)|cgo-
By Lemma[4.14] this map ¢ induces an isomorphism
~ 1 — ——
(62) Convgﬁcg0 =~ (Grge X +++ % Grg,c)|cgo-

Proposition 4.15. The morphism f defined in (53) induces an isomorphism

3 B

(63) Convycn = ConVn.

Proof. We prove it by induction on n. When n = 1, by definition §; = s,. Hence,
~ 2 J— — ] . . AL yeees Ap—
Convg . = Grg. = Convg.. When n > 2, by induction we have COanI’Cn—] '~
~ A . . . .
Convglpn '. Then, the map ¢ in (57)) induces an isomorphism

——1 ~ kit
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Combining with the isomorphism (62), we get the following diagram

1 ~ 1
Convg Convy, -
Q,C‘fo Q,C‘fo
@lz l@
/l] ..... /l,,_] _/]n ~ _/ll _/ln
(Convg cn X Grg C)lcno W (Grg Cc X X Grg C)lC”

This gives an isomorphism Convg a = Convg c By the commutativity of the diagram
(58), this isomorphism is exactly the restrlctlon of the map f defined in (55). Since

both of them are reduced and irreducible, we must have an isomorphism Convg’cn ~

>

~ 1
Convg cn- |

4.4. Flatness of BD Schubert varieties. Let G be a simple algebraic group of adjoint
type over C, and let o be the standard automorphism defined in Section Let K =
C((1)) and O = C[[t]]. We define the action of o on K and O by o(t) = € 't, where € is
a fixed primitive m-th root of unity. Denote by K = K and O = O the o-fixed points
in K and O respectively.

Let & be the o-fixed point subgroup scheme Res,,5(Go)” of the Weil restriction
Resy,0(Go). Then ¢ is a special parahoric group scheme over O in the sense of Bruhat-
Tits, see [BH, Section 2.2]. Let LY be the loop group scheme and L*¥ be the jet group
scheme with LY (R) = 4(R((1))) and L*Y(R) = ¢(R[[t]]), for any C-algebra R. We
define the affine grassmannian Grg to be the fppf quotient LY /L*%, and call it a twisted
affine Grassmannian of ¢4. In particular, Gr(C) = G(K)? /G(O)”. We denote by ¢, the
base point in Grg(C).

For any coweight A € X,(T), we are associated to an element ! € T(K). Let n' be the
norm of 4, i.e. n' := [, o'(tY) € T(K)". Let A € X.(T), be the image of A under the
projection map X,(T) — X.(T)., and denote by e; the point n'e, € Gry(C). One can

define a Schubert cell_ Gr; := G(0)7e;. We define the Schubert variety ﬁ; to be the
reduced closure of Grgq in Gry. There is a level one line bundle .Z on Gry such that

(65) H(Gro, 2°)" ~ D(c, D),

as g[¢t]”-modules, where D7 (c, A) is the twisted affine Demazure module defined in Sec-
tion[2.4] cf. [BH, Theorem 3.11]).

Let I" be the cyclic group generated by o, and let C be an irreducible smooth curve
with a faithful I'-action. From now on, we assume that the ramified points of C are
totally ramified, i.e. the stabilizer I', is equal to I' for any ramified point p. Moreover,
when C is the affine line A!, we require the I'-action to be the ‘standard’ one given by

(66) o(p)=ep, foranypeAl.
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Theorem 4.16. With the assumptions above, the global Schubert variety Grg - is flat
—1
over C, and for any p € C the fiber Grg , is reduced. Moreover,

—1
67) ﬁg,p - {Grg forp €R;

1
Gr; forp¢R,
where R denotes the ramification locus of the action of T on C.

Proof. When C = A!, the theorem was proven in [Zh2, Theorem 3]. Now, let C be
a general curve whose points are either unramified or totally ramified. Note that the
theorem is local, we shall reduce it to the affine case. For any ramified point x € C, there
exists an open neighborhood U of x with a I'-equivariant étale map U — A' sending x
to 0. By Corollary we have a base change isomorphism

Gl‘gl.]’U =~ GTQAI,AI Xat U,

and the left L*Gy-action on Grg, y commutes with the base change. Thus,

—2 —2
Grg(/’U = GrgAl’Al XAI U.

Hence, the theorem holds over U. Similarly, one can show that the theorem also holds

over C\R. This competes the proof of the theorem. O
— 1

Lemma 4.17. The convolution variety Convg . is flat over C". Moreover, the convolu-

. . . o : P 1
tion morphism m induces a surjective morphism m : Convg o — Grg cn.

-

N

Proof. Recall the Definition 4.13|that ConV;’C,, is a global Schubert variety when n = 1

and is a sequence of fibrations of global Schubert varieties when n > 2. By Theorem

1
4.16, Convg -, must be flat over C".

-

By Proposition 4.15) Conv .. can be identified with the schematic image of the map
§; 1 L*Gen — Convgcn. By the definition (53) of convolution map m and the L*Gen-
equivariance of m, we have a commutative diagram

S-
(68) L*Gen —— Convg e .
J/]II
Sq
Grg’cn
. . o o 1 —1
Since m is proper, it gives a surjective map m : Convg o —» Grg cn. O

We define the following subset in C":
(69) Aw =P eC"| pi=pj Y1 <i,j<n).

Proposition 4.18. With the same assumptions in Theorem we have
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(1) For any point p = (p,y2(p), - ., Yn(P)) € Ay, we have

(a;7ﬁ)red = a‘;pjp’

where Az = A1+, () + - + v, (4.
(2) For any point p € C", we have
i~ , i=0;
Rl(mp) ( Conv ) (Grg'ﬁ)red
g7 0, Vi>1.

>

Proof. (1) Taking the reduced fibers of both sides of the morphism m : Convg ., —»

—1
Grg . in Lemmap.17, we get a surjective map for any p € C",

o 1 —1
m;; : Convg ; = (Convg’ﬁ)red > (Gr@ﬁ)red'
Now, let 7 = (p, y2(p),. - ,¥n(p)) be any point in A,;. To prove part (1), it suffices
to show the image of m;,ﬁ under the convolution map m : Convgen — Grgen 1s
argp. When p € C is unramified, the composition of morphisms (53) (55)) restricts to

the following map:

(70) E|y X" 90 Grg,, ) — Convg ; — Grg
(3. FuBE @), (F.B) = (B, (F B)) = (B F s, . 0 Bla. )

where p, := y,(p), { = (Bio-- 0B 10a Dy € G(%,,). It factors through the usual
convolution map
G(Wpy,) XG(O”") Grg G.pn Ger ~ GI‘g B

By induction on n, for § := (p, 72(p) Y1 (p)) € C"7 the i 1mage of Convg """ At

------

under the convolution map is Gr . Thus for any (¢, (7,8 € Convg 7
n(dz)
(P o1 B © -+ 0 But) € G, _GV ’

, we have
. Therefore, the following restriction of (70))

L+gpn — )n(/lzj)"'/ln
A e (i - (;
Convgc’i ’1"",p,, X rG,Pn I‘G,Pn ’

E|

D g+ n(Ag)+An 7 .
factors through mpn : Gr gpq XL Grn GrG - @Z;p , Where Grgpq is the L*G,-

torsor over GrG . This 1mphes that the image of Convg 7 under the convolution map
. _')’n(/l )+/ln

is GrG’pn ~ GrG'jp o~ Grg,p. The case when p € C is totally ramified can be proved

similarly.
For part (2), by Lemma it suffices to consider the case when p € Ap,;. We now

the consider the morphism m; : COHV; P a*;,ﬁ. From part (1) and [PR, Proposition
9.7], we know (my). ( ) = ﬁfm =0

Conv' P (Grg p)



For i > 1, we shall show R'(mj). ( om’ ) 0 by induction on n. Clearly, this holds
when n = 1. Now, assume n > 2, and let § = (P, y2(p), -, yur(p)) € C'. By

i
induction, R'(my). ( Convw) 0. Consider the following diagram
E pr C AL yeens An-1
|Conv U Vg g
mql lmq
] pr —A
Gr Grg »

By flat base change [Ha), Proposition 9.3], we have R'(fii;).(0g) = 0 for i > 1. From
part (1), there is a commutative diagram

Convg 7 ElC T "_]><{pn}

7}1( - In @ *)+/l

—A
LG Goot
W= Ggp x5 Zm Grg ), Grg,,’

My,

Thus, R'f.(0__;

Convg, 13)

have Ri(mp,l)*(ﬁw) = 0, cf.[PR} Proposition 9.7]. Thus, Ri(m 3)s (

= 0. Recall that m,, is a partial Bott-Samelson resolution and we

):0. O

.
Theorem 4.19. With the same assumptions as in Theorem{d.16] the BD Schubert variety

—1
Grg cn is flat over C". Moreover, Grg 2 is reduced.

Proof. Let X = ConV;Cn and Y = ﬁg,cn- By Lemma4.17|and Proposition 4.18, we can
apply Corollary [B.4]to the morphism m : X — Y and we get m.(O%) is flat over C". To
prove the first part of the theorem, it suffices to show m.(Ox) ~ 0. Consider the natural
map Oy — m,(Ox). At every point s = g € C", the composition of the following maps
(71) Oy, = m(Ox)ly, oot (1 of Corollary B (my).(Ox,) W’ O¥

is surjective. Thus, the morphism 0y — m.(OY) is surjective.

Recall that Y is the schematic image of s; : L"Gen — Grg en. By Proposition
X is the schematic image of §; : L*Gc» — Convgcen. Thus, we have an inclusion
Ox = (51):(O1+g..). By Proposition we have R'm,(0%) = 0. It follows that we
have the following inclusion

m* ﬁX — (m* o (gj)*)(ﬁLJrgCn) = (Sz)*(ﬁLJrgCn)'
From the commutativity of the following diagram

M, Ox— (59):(Orge) »

I

Oy
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we must have m, 0y ~ Oy. Thus, Oy is flat over C". On the other hand, this also implies

Fhat Elhe cgmposmon map (/1)) is an isomorphism. In particular, it follows that Y, = Grg ;
is reduced. O

Corollary 4.20. With the same assumptions in Theorem we have
(1) Let ¢ = (14, ..., 1) be a partition of [n]. For any p € C?, we have

i

Grg 5 =~ Grg,ﬁzl XX Grgpk
where p;, € C'i and /TIJ. are defined in (30) and (31)).

(2) For any p = (p,yz(p) . Yn(p)) € Ay, we have gr;ﬁ ~ ﬁgp, where A5 =
A+ 73 () + -+, ().

Proof. Part (1) directly follows from Propositiond.12] Part (2) follows from Proposition
and Theorem m

Lemma 4.21. The orbit Gré,c,, =L*Gen - st is smooth over C".

i . .= i,
Proof. Observe that Gré’c,, is open in Grg .. By Theoremid. 19, Grg’c,l is also flat over C".

Since every fiber Grgﬁ is smooth, Gréﬁcn is smooth over C”, cf. [Ha, Theorem 10.2]. O

Theorem 4.22. The BD Schubert variety &;ﬁ is normal.

Proof. When n = 1, the theorem was proved in [Zh2, Section 3.3]. For n > 2, we prove
it by induction on n. Given a non-trivial partition ¢ = (1, J) of [n], by Proposition {.12]
there is a factorization over C ;

N

—A —1
Grgycn — (Grg Cl X Grgjcj)

By induction, Grg cr and Grg ¢/ are normal, hence Grg e is normal. Note that the com-
plement of the union of C" for all non-trivial partition (I J)in C" is Ap,. To show the

normality around Ay, in view of Corollary 4.7 we can assume C = A'. For the rest of
proof, we adapt an argument in [Zh2) Proposition 6.4].

Let X = Gr;An. Foranyi € l, j€ Jand 0 < k < m— 1, weregard  := z; — 0*(z;)
as a regular function on X. We shall show the local ring OY, is normal for any x € X
such that #(x) = 0. Denote by (Xy).eq the reduced fiber of  : X — A' at 0 € Al. By

Corollary 4.20, (Xo).eq 1s isomorphic to a BD Schubert variety ﬁ; an-1, Where fi consists
of 4,, 1 <a <nwitha # i,j, and A; + O'k(/lj). Thus, 10, has a unique minimal

associated prime ideal p. By induction, (Xy),.q is normal, hence Oy ,/p is normal. By

Lemma 4.21} Grg’ 4 18 regular in codimension one, which implies that the localization
(Ox ), at the minimal ideal p is regular. Thus, O, is normal, since the three conditions
of [Ha, Lemma 9.12] are satisfied. Sincei € I, j € Jand 0 < k < m — 1 are arbitrary, we

—] .
conclude that Grg ,, = X is normal. O
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We conclude this subsection by showing that Grg ¢~ 1s a direct limit of ﬁ;c with
respect to the standard partial order < on (X.(7)")". The following Theorem is due to
Wyatt Reeves [Rel].

Theorem 4.23. Let S be a Noetherian scheme. Let X — Y be an ind-closed embedding
of ind-schemes over S. Suppose X/S is ind-flat and Y/S is ind-finite-type. Suppose
S admits a decomposition into a closed subscheme Z and its open complement U =
S \ Z such that X|; — Y|; and X|y — Y|y are isomorphisms. Then X — Y is an
isomorphism. O

The following result was proved in [Re] in the untwisted case as a consequence of
Theorem 4.23] The same method can be adapted in our twisted setting.

—1
Proposition 4.24. The BD Grassmannian Grg ¢ is a direct limit of Grg . with respect
to the standard partial order < on (X.(T)*)".

Proof. We prove by induction on n. When n = 1, consider the ind-closed embedding

(72) h_r)nargc — Grgc.
A

Let R be the set of ramified points in C. Set ¢ = C\R. By Corollary (2), we
have an isomorphism Grg ¢ ~ Grg . This isomorphism restricts to an isomorphism

— — ] ) ) . .=
Grg ¢ = Grg ¢. By [Rel], ll_l’l’)lGl’G’C‘% — Grg ¢ is an isomorphism. Thus, h_r)nGrg’é — Grg e

is also an isomorphism. For each p € R, li_r)nﬁg,p — Grg, is an isomorphism, cf. [PR|
Proposition 9.9]. Repeatedly applying Theorem {.23] at ramified points, we conclude
that is an isomorphism.

When n > 2, consider the following ind-closed embedding

-

(73) lim Grg ¢, — Grg.c».

For any nontrivial partition ¢ = (I, J) of [n], by induction and the factorization maps
#2) (50, the restrictiqn of to Cy is an i.somorp‘hism. Note that‘ U C; :.C” \IT"- A,
where [ acts on the diagonal A via the obvious action. We get an isomorphism

hm@ mrnx — Qe onpaa.
S Mgonrra G.C"\I'"-A

—1 —
Note that Grgyn) =~ Grgc. Moreover, by Corollary 4.20, Grg,) =~ Grg o for any

7= ey, A= (44,000, 4,), and A = > v;'(4). By the case when n = 1,

induces an isomorphism li_r)n§;7m) — Grg @) for any y € I'". Repeatedly applying
Theorem at ¥(A), we conclude that (73)) is an isomorphism. O

Remark 4.25. All results in this subsection remain true for any algebraically closed field
k of characteristic p, if p ¥ m. Moreover, if I is trivial or generated by a diagram

automorphism, all results still hold.
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5. LINE BUNDLES ON BEILINSON-DRINFELD GRASSMANNIAN OF (7

In this section, we determine the rigidified Picard group of the BD Grassamnnian
Grgc» of G when G is generically simply-connected, along the way we construct the
level one line bundle L on Grger. We also establish the factorizable and L*Gcn-
equivariant structure on L. This allow us to construct factorizable and equivariant
level one line bundles on BD Schubert varieties of G when C = A! and G is of adjoint
type generically.

5.1. Picard group of rigidified line bundles on BD Grassmannian of G. We first
make a digression to prove a relative version of seesaw principal, which is originally
due to Mumford [Mu, Corollary 6].

Lemma 5.1 (Seesaw Theorem). Let ¢ : X — S and  : Y — S’ be projective and flat
morphisms of varieties over C such that, for any s € S and s’ € S’, the schematic fibers
X, and Yy are integral. Given an open subset U C S X S’, let L be a line bundle on
(X X Y)|y such that the restriction L|x x, and Ly, are trivial for any (s,q) € (S X Y)|y,
(p,s") € (X XS8")|y. Then there is a line bundle M on U such that L ~ n*M, where
7= (@X Wy : XX D]y - U.

Proof. Consider the morphism 7, = (¢ X id)|y : (X X Y)|y — (S X Y)|y. By assumption,
for any (s,q) € (S X Y)|y, the line bundle Llx,, is trivial. Since X is projective over S,
we have dim (H°(X; X g, Llx,x;)) = 1 for any (s,q) € (S X Y)|y. It follows that (75)..L is
a locally free sheaf of rank 1 over (S X Y)|y. Let L’ = (71;).L. By adjunction, we have a
morphism (m,)*L’ — L. This is an isomorphism since the map H°(X, X ¢, L) = L, is
an isomorphism for any (p, q) € (X X Y)|y.

Similarly, consider the morphism 7y = (id X ¥)|y : (S X Y)|y — U and note that
L'|xy, is trivial for any (s, s") € U. By the same argument as above, (;).L’ is a locally
free sheaf of rank 1 over U, and L’ ~ (7r;)*M where M = (m;).L’. Therefore,

L= (m)'L = (m) (m)'M=nr"M. O

Let 7 : X — S be a projective and flat morphism of varieties such that every fiber is
integral. Given a section e : S — X, let (L, @) denote a rigidified line bundle on X, that
is, a line bundle L with an isomorphism @ : O ~ ¢*L. We denote by Pic(X) the Picard
groupoid of these rigidified line bundles on X with respect to e.

Lemma 5.2. Let 7 : X — S be a morphism as above. Let (L, @), (L', a") be rigidified
line bundles in Pic®(X). If ¢ : L ~ L' is an isomorphism of line bundles on X, then
there exists a unique isomorphism ¢ : (L,a) =~ (L', a’) in Pic®(X), i.e. there is a unique
isomorphism ¢ : L ~ L’ such that the following diagram commutes

e*(4)

'L — s e*L’ .
Os
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Proof. By a similar argument as in the proof of Lemma 5.1 there exists an isomorphism
m'm.L ~ L. Applying e*, we get L ~ e¢*L. Thus,

(75) Hom(L, L) ~ Hom(rx*n,L, L) ~ Hom(r,.L, n,L) ~ Hom(e*L, e*L).

If there are two isomorphisms ¢y, ¢, : (L, @) =~ (L', ), then ¢, o ¢; is an automorphism
of (L,a) € Pic’(X). In view of the isomorphism , this must be an identity. This
proves the uniqueness.

Given an isomorphism ¢ : L ~ L', set 8 = e*()) o @ : O ~ e*L’, which gives another
rigidification of L’. By the isomorphism (79), there exists a unique € Aut(L’) such that
e*(n) = a’ o B~!. Then, the isomorphism ¢ := oy : L — L’ satisfies the commutative
diagram (74). Hence, it gives an isomorphism (L, @) =~ (L', @’) in Pic‘(X). O

By Lemma the groupoid Pic’(X) is discrete. Thus, we can identify it with the
group of isomorphism classes in Pic’(X), and call it the rigidified Picard group of X
along e. Given an isomorphism class [(£, @)] € Pic‘(X), by abuse of notation, we simply
denote it by L.

From now on, we are in the setup of Section We further assume that the simple
algebraic group G is simply-connected.

Let Pic’(Grg ) be the rigidified Picard group of Grg c» along the section e : C" —
Grg c». Here, we abuse the notation e for the section e; over C". Given a rigidified line
bundle L € Grgc», we denote by L], the restriction of £ to the BD Grassmannian
Grg a.. over the diagonal. By [Zh2, Proposition 4.1], the central charge of .L]; for any
P € Acn is constant. This gives a well-defined central charge map

(76) C: PiCe(GI'g’Cn) - Z.

We shall show the map c is an isomorphism.

We first deal with the case when C = A! with the standard T'-action in (66). Recall
that when C = P!, Pic(Bung) ~ Z, where the positive generator will be denoted by £.
Consider the projection pr : Grg g1y, — Bung. Let

(77 L = (PrLlceg

denote the restriction of the line bundle pr* £ to Grg 4. Clearly, L4 belongs to Pic’(Grg a»)
since (L) is a trivial bundle over A". Note that the restriction Ls»|s,, to the diagonal,
regarded as a line bundle over Grg 41, is isomorphic to L,:. Moreover, the restriction of
the line bundle L, to each fiber is the ample generator in Pic(Grg,) for any p € Al,
cf. [BH, Corollary 3.14]. Hence c(L4») = 1, which implies that c is a surjection. From
now on, we call L. the level one line bundle over Grg a».

Theorem 5.3. Let C be an irreducible smooth curve with a faithful I'-action and assume
that all ramified points in C are totally ramified. Then the central charge map is an
isomorphism

¢ : Pic’(Grg ) ~ Z.

Proof. Let R := {p1,...,pi} be the set of ramified points in C. Set ¢ = C\R. By

Corollary Grge = Grge. Then, by [Zh3, Lemma 3.4.2], the following central
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charge map is an isomorphism

(78) Pic*(Grg ¢) = Z.

We consider the following restriction map

(79) Pic’(Grgc) — Pic*(Grg ).

Then, the composition of (79) and (78) is the central charge map
(80) ¢ : Pic(Grgc) — Z.

We first show the restriction map (79) is injective. Let £ € Pic’(Grgc) such that
the restriction Llg;, . is trivial. We shall show L is also trivial. By Proposition it

suffices to show the restriction of £ to Grg - is trivial for all dominant coweight 1. We
still denote the restriction by £. By assumption, there is an isomorphism 6 : O¢ ~ e* L,
and £|Gr§é is trivial. By Lemma , there is a unique isomorphism

S O—1 =~ L—/l
Grg ¢ leg,c"

such that e*(s) = 6|s. Let D; denote the divisor a;,pi. By Theorem 4.22} there is a
unique integer n such that

b LD \TGrg e LU= DY),

Now, we regard s as a regular section of L(nDy). Then e*(s) = 6|# can be regarded a
section of (e*L)|# with pole order n at p;, € C. Since 6 is regular at p;, we must have
n = 0, and hence s induces an isomorphism

—2
s € r(GrQ,C\{m ----- Pk-1

~

S ﬁ§g-C\(F1,-»~,pk,1) §;,C\(m ,,,,, pk,l)‘
Repeating this process, we get a trivialization of L. It follows that the restriction map
is injective. Hence, the central charge map is injective.

We now prove the surjectivity. For each p; € R, there exists a I'-stable open neigh-
borhood U; of p with a I'-equivariant étale map U; — A!, where A! carries the standard
I"-action as in (66)). Observe that p; is the only ramified point in U;. By Corollary[4.7](1),
there is a natural morphism ; : Grg, v, = Grg,, a1. Let Ly, be the pull-back of the level
one line bundle £,: via the map n;. By the injectivity of (80), the central charge map
¢ : Pic(Grgy,) — Z is injective. As Ly, is mapped to 1, we have ¢ : Pic’(Grgy,) =~ Z.
Note that {Co' ,Ui,...,U,} forms an open covering of C. Moreover, by Lemma there
are unique isomorphisms between the restrictions of L and Ly, on their intersections,
since their restrictions are the level one generator in Pic®(Grg () or Pic*(Grg.v.nv,)
for any i, j. Therefore, we can glue them together to get a line bundle in Pic*(Grg ),
which will be denoted by L. From this construction, we have c(L¢) = 1. It follows
that the central charge map ¢ : Pic’(Grg ) — Z is an isomorphism. O

In the proof of the injectivity of the map (79), we used a similar argument as in
[Zh3]][Lemma 4.3.3]. In fact, using the same argument we have the following more

general result, which will be used later.
39



Proposition 5.4. Let C be an irreducible smooth curve with a faithful I'-action and
assume that all ramified points in C are totally ramified. Let Z be a closed subvariety
in C". Let D be an irreducible closed subvariety of codimension one in C"\Z. Then, the
following restriction map is an embedding

PiCe(Grg’Cn\Z) i PiCe(Grg’Cn\(Zup)). O

We define the action of the symmetric group S, and I on C" by s - (p1,...,pn) =
(Psys -+ Psow) and (Y1, ¥0) - (P15 -5 Pn) i= (V1P1s -+, YaPn), Where s € S, y; € T
Let Z be a closed subvariety in C" which is stable under the actions of S, and I'"*. Recall
that for the finest partition & = ({1},. .., {n}) of [n], there is a factorization

81) Grgcnz = (Grge X -+ X Grgc)lenz.
Let £y,..., L, € Pic’(Grg ). We define a map
(82) PiCe(GI'g’C) XX PiCe(GI‘g,C) - PiCe(Grg’Cg\Z)

by (Liy- o L) = (L8 8 Llorg g,

Proposition 5.5. Let C be an irreducible smooth curve with a faithful T-action and
assume that all ramified points in C are totally ramified. Let n > 2 and Z be a closed
subvariety in C" which is stable under the actions of S,, and I'". We further assume that
the diagonal Acn is contained in C" \ Z. Let & be the finest partition of [n]. Then,

(1) The map (82)) is an isomorphism and the inverse map gives rise to the following
isomorphism

(83) Ce . PiCe(GI'g’Cg\Z) ~ 7"

.....

base point in Grg 4, for any (q1, ..., qn) € C;’ \Z. We will call c; the multi-central
charge map.

(2) The restriction map Pic’(Grg cnz) — Pice(Grg,CZ\Z) is an embedding. Moreover,
for any L € Pic’(Grg cnz), ifc(LlGrg,Acn) = a, then C§(£|Gr§,cg\z) = (a,a,...,a).
As a consequence, the central charge map is injective.

Proof. Whenn=2, ¢ = ({1}, {2}) is the finest partition. We fix an arbitrary point (¢, g,) €
Cs% \ Z and denote C,, :={p € C | (q1,p) € C; \Z},Cp, i ={peC|(p.q)€ C?\Z}.
Clearly, C,, is open in C. We show that C, is non-empty as follows. If C,, is empty,
then (g1, p) ¢ CS% \ Z for all p € C. It follows that (g1, p) € Z for all p € C\T'-{p}. Since
Z is closed, we conclude that {g,} X C C Z. Hence, (q1, ¢2) € Z, which is a contradiction.
Therefore, C,, is non-empty. Similarly, C,, is also non-empty. Let 7, : C*\Z — C
given by (py, p2) — pi. Then m; must be surjective. Otherwise, there is a point p € C
such that 77 (p) = ({p} X C) \ Z is empty. Then, p x C C Z contradicts with Ac» C Z.
Let ¢,, € Grg,, be the base point. Consider the following map

(84) Pic’((Grgc % Grg,C)|c§.\z) — Pic’(Grg ¢, ) X Pic(Grgc, )
given by £ — (L, L,), where L, := £|Grg,cq2><eq2 and £, := Ll% xGrgc,, Are regarded as

line bundles on Grg ¢, respectively. We claim (84) is an isomorphism.
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We first prove the injectivity. By Theorem[5.3] we have isomorphisms
(85) Pic’(Grgc) = Pic*(Grgc,) ~ Z.

For any L € Pic’((Grgc X Grg’c)lcé\z)), by the isomorphism (83), £; and £, uniquely
extend to rigidified line bundles on Grg ¢, which will be still denoted by £, and £,. Set

L =L'9L R £2)|c§\z-

By Lemma L’ is the pullback of some line bundle M on C; \ Z via the projection
n : (Grge X Grgolez, — Cé% \ Z. Note that M =~ e*n*M =~ e* L’ is trivial. Then,
L' ~ "M is trivial. Thus, £ ~ (£ ® £2)|c§\z- This proves the injectivity of (84).
Given any (£, L) € Pice(Grg,qu) X PiCe(Gl"g,cql ), we still denote their extensions to
Grgc by (L, £;). Clearly, the line bundle (£; ® £z)|c§\z € Pic’((Grgc x Grg,c)|C§\Z) is

mapping to (L, £,) via the map (84). This shows that (84)) is also surjective.
In summary, we have an isomorphism

(86) Pic*(Grg,c2,7) = Pic(Grg c) X Pic*(Grg.c).

From construction, this map is exactly the inverse map of (82)), and it gives rise to the
multi-central charge map (83)). This completes the proof of part (1) for n = 2.

By Proposition [5.4] the following composition map is injective,
e . e c
¢ : Pic®(Grg 2\z) — Pic (Grg,cg\z) — Z X Z.

Let L € Pic’(Grg 2\7). Suppose (L) = (a,b), i.e. c(LIGrg’qu Xeqz) = qaand c(ljleqler . qu) =
b. Suppose that the central charge of L, ,, is d. We follow an argument in [Zh3|
Lemma 3.4.3] to show b = d = a. Consider the following convolution and projection
morphisms

m: Convg 2z — Grg 2z, pr: Convg ez — Grge.

Note that pr'(e,,) =~ Grgc,, where C; := C,, UT - q;. We regard £ := (M Llpr-1¢e,) as
a line bundle on Grg ¢,. We denote by ¢ the composition map pr='(e,,) N Convg 4 =
Grg, = Grg,.q)- Then, ¢ is exactly the restriction of the local convolution map
Mg @ Convggay = Grg.q)- Thus, the central charge of L', =~ ¢*(Lly,.4) 18
equal to the central charge of L, 4,y whichis d.

. . Mgy.p)
On the other hand, for any p € C,, we have an isomorphism Convg g, —

Grg g = Grg,, X Grg . This isomorphism restricts to an isomorphism ¢ : pr-'(e,,) N
Convg g, p) = €q, X Grg ;. Thus, the central charge of L'|, ~ ¢*(Ll., xcrg,) 18 b. Since L’
is a line bundle on Grg ¢,, the central charge of £L'|, is constant along x € C,. It follows
that b = d. Since, Grg 2\ 18 S,-symmetric, we also have a = d. This completes the
proof forn = 2.

When n > 3, let £ be the finest partition of [n]. Fix an arbitrary point (g1, ...,q,) €
Cs \ Z. Denote by e; the base point in Grg,,. By induction on n and using the same

argument as in showing the isomorphism (86]), one can prove that (82)) is an isomorphism
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and its inverse map gives rise to the multi-central charge map (83)). Moreover, there is a
commutative diagram

(87)
PiCe(GI'g’Cg\Z) PiCe(Grgng,—l\Zn X e,) X Pic’(x X Grgc\z,) -
| \ |-
Pic*(Grg.c\z, X y) X Pic(er X Grg cri\z,) = z
where &’ is the minimal partition of [n — 1], x = (ey,...,€,-1), Yy = (€2,...,€,), Z; =

{p € Cl(qla"'7QI’l—l’p) ¢ Cg\Z}’Zy = {p € Cl(p’q2,---aqn) ¢ Cg\Z},Zn = {ﬁe

C" ' (Pogn) ¢ Cp\ Z}, and Z, = {p € C"'|(q1, ) & Cp \ Z). By Proposition the
following composition map is injective,

L ¢ Pic*(Grg,cnz) = Pic*(Grgenz) — Z.
Let L € Pic’(Grg c2\z). Suppose «(L) = (ai, ..., a,). By induction on n and the commu-
tativity of (87), we have a; = a, = --- = a, = ¢(L). O

Lemma 5.6. Let X be an irreducible smooth I'-curve consisting of exactly one ramified
point p. Suppose f : X — Al is a T-equivariant étale morphism sending p to 0, where
the T-action on Al is defined by (66). Letn > 2 and Z = {(x,...,x,) € X"|X; #
)'cj,]Tx,') = f(x;) for some i, j}. We have an isomorphism

¢ : Pic*(Grg, xnz) = Z.

Proof. We first show that Z is a closed subvariety in X*. Whenn = 2, Z = {(x1,x;) €
X?| %) # X, f(x1) = f(x2)}. Note that Z = (X X1 X)\Ayx. Since f is étale, the diagonal
morphism A : X — X X, X is an open embedding, cf. [SP, Tag 06CR] and [SP, Tag
O5W1]. Thus, Z is a closed subvariety of X X X. Whenn > 3, letZ;; = {(xy,...,x,) €
X" x; # )'cj,m = ]ij)}. Then, Z; ; ~ X"2xZ'is closed in X", where Z’ := {(x}, x) €
X2\ % # %, f(x1) = f(x2)}. Thus, Z = U:,Z; is closed in X"

Given any x € X, in view of Proposition the map Pic’(Grynz) < Z sending

.....

Corollary we have an isomorphism
Grg)’(,X”\Z ~ GrgAlsA" XAn (Xn \Z)

Consider the natural morphism ¢ : Grg, xnz — GrgAI an. Pulling back L. via ¢, we get

.....

(La)lse....pen» Which is 1. It follows that Pic®(Grg, x»z) < Z is also surjective. O

Proposition 5.7. (1) Let X be an irreducible smooth curve. Let G be a simply-
connected simple algebraic group. Then, the central charge map c : Pic*(Grg xn) —
Z is an isomorphism.

(2) Let X be an irreducible smooth curve with a faithful I'-action and assume that
all ramified points in C are unramified. Then, the central charge map c :
Pic’(Grg xn) — Z is an isomorphism.

42


https://stacks.math.columbia.edu/tag/06CR
https://stacks.math.columbia.edu/tag/05W1
https://stacks.math.columbia.edu/tag/05W1

Proof. Part (1) follows from [Zh3) Corollary 3.4.4.]. It can also be shown by applying
Proposition [5.5]to the case when T" = {e}.

For part (2), by Corollary (2), we have an isomorphism « : Grg x»z =~ Grg xnz for
Z={peC"|p;=7yp;forsomel <ij<n,y+ e} Bypart(l), the central charge map
¢ : Pic’(Grg xn) — Pic’(Grg xnz) — Z is an isomorphism. Let Lynz € Pic‘(Grg xn z)
denote the restriction of the level one line bundle L. constructed in part (1). Pulling
back Ly 7 along a, we get a rigidified line bundle on Grg x 7, denoted by Ly 7. Lety €
. Consider the isomorphism ¥ : X" — X" given by (p1,...,p,) = (Y1P1s- s YuPn)- It
induces an isomorphism ¥ : Grg xnz — Grg xn\yz). Pushing forward Ly  along ¥, we
get a rigidified line bundle Lxn 5z € Pic®(Grg xm )

Note that ¥(Z) = {§ € C" | there exist 1 < i, j < nsuch that p; = y - p; for some y #
7l~y]‘.1 }. We have ()3 7(Z) = 0. Hence, {X" \ ¥(Z)}y is a open cover of X". By Propostition
the restiction map Pic*(Grg xn g2y 2)) — Pic’(Grgxy) is injective, where & is the

nest partition of [1]. By Proposition[5.3} this induces an embedding

(88) Pic*(Grg xng@zuy ) — Z"

for any 7,9’ € I'". From construction, the images of the restrictions of the line bun-
dles Lxnyz and Lxnyz, to Grgxm vy z) under the map (B8) are (1,1,...,1). By
Lemma [5.2] we conclude that the restrictions of Lxnyz) and Lxny ) to the intersec-
tion Grg xn (yz)uy(z) are isomorphic. Hence, we can glue these line bundles {Lxn3z)}5-
This produce a line bundle on Grg x», denoted by Lx». From construction, c(Lx») = 1.
Therefore, c 1s an isomorphism. O

Theorem 5.8. Let C be an irreducible smooth curve with a faithful I'-action and assume
that all ramified points in C are totally ramified.

(1) For n > 1, the central charge map is an isomorphism
¢ : Pic’(Grg cn) =~ Z.

(2) Forn > 2, let ¢ = (I,J) be a partition of [n]. Let L, L;, L, be the regidified
line bundles over Grg c», Grg c1, Grg cs respectively. Suppose they have the same
central charge. Then, we have an isomorphism of the line bundles on Grg,cg

Ler = (L » L)cs-

Proof. The case when n = 1 has been proved in Theorem[5.3]

For n > 2, the central charge map c is injective by Proposition[5.5] Let & = (14, ..., I;)
be a nontrivial partition. Since |I;| < n, by induction on n, we have an isomorphism
¢ : Pic*(Grg c1;) = Z. Let L 1; be the rigidified line bundle on Gr, .; such that (L) =
1. Recall that we have a factorization Grg,cg\z ~ (Grgen X -+ X Gfg,c'k)|cg\z- Set
.£C§‘ =L B R® '£C1k)|Grg,cg'

Let R :={p1, ..., px} be the set of ramified points in C. Set C = C\R. By Proposition
Pic*(Grg ¢y) = Z. Let L, denote the level one line bundle on Grg ), constructed
in Proposition On the other hand, for each p;, there is a neighborhood U, of p; with
a ['-equivariant étale morphism f; : U; — A". Let

(89) Z :={(x1,....x,) € Ul | X, # Xp, fi(x,) = fi(xp) for some 1 < a < b < n}
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be a closed subvariety in U}. By Lemma [5.6] pulling back L, via the natural map
Grg, wynz — Grg;,.an, we get a line bundle Lz € Pic’(Gry,mz) whose central
charge is 1. Note that {C;’, )\ z;, (Co‘)”}g,l. is an open covering of C", and pairwise
intersections are of the form XSQ’, X;’ \ Zx, or X" \ Zx for some open subset X in C and
some closed subset Zy in X”. In view of Proposition[5.5|and Lemma 5.6} the restrictions
of rigidified line bundles {Lcn, Lz, Len e, are isomorphic on the pairwise intersec-
tions. Thus, we can glue these line bundles and get a factorizable rigidified line bundle
L whose central charge is 1. Hence, c is also surjective. Part (2) follows from the fact
that LC"|Gfg,c§ ~ (LR R LC’k)lGrg,Cg' O

We remark that the proof of Theorem also works when I' is a trivial group. We
call the line bundle L constructed in Theorem the level one line bundle on Grg cn.

5.2. L*Gc»-equivariant structure on the line bundle L. Recall the jet group scheme
L*Gcr in Definition In this subsection, we will show that when G is simply-
connected, there is a unique L*Gc«-equivariant structure on the level one line bundle
Leon.

Let L be a line bundle on Grg ¢ (here we think of line bundles from the point of view
as in Appendix[C). An L*Gcn-equivariant structure on L is a collection of isomorphisms
{Por + L = Lon | § € L"Gen(S), x € Grgen(S)} for any C-scheme S, satisfying the
cocycle conditions @y o, © Pg « = Pgre . We define a group scheme

0)  LGer(S) = {(8.(hen)) | 8 € L*Gora ot Ly = Ly x € Grgen(S)).

where the multiplication is defined by (g, {¢y }) - (8, {¥ex}) = (8'8, {dg ox © ¥ x}). One
can easily check the associativity. By definition, £ has an L* G -equivariant structure
implies that the following central extension has a splitting 8 : L*Gcn — L*Gen

(91) K - @C” ﬂ) L+gcn,

where K = {¢ | ¢ : L ~ L} is a group scheme over C", and pr : LTQCH — L*Gen
is the projection map. Conversely, if the extension (91)) has a splitting 8 : L*Gcr —
LTgC,,, say B(g) = (g,{¢,.}), then it gives a collection of isomorphisms {¢,, : L, =
Lo | 8§ € LTGen(S),x € Grgen(S)}). Since g is a group homomorphism, we have
(& Ay <)) - (g APer)) = ('8, {dger}). Hence ¢y or © ¢y« = Pyrg, which implies that L
is L*Gcn-equivariant. Therefore, the extension (91)) has a splitting if and only if £ is
L*Gcn-equivariant.

Lemma 5.9. [f the extension (91) has a splitting B : L*Gen — L*Gen, then it is unique.

Proof. Let B, B, be two splittings, which give a group homomorphism ¢ : L*"Gen —
K sending g € L*Gen to Bi(g) - Bo(g)”'. For any j € C", we have an isomorphism
LGy ~ H’;zl L*G,,, where | |;T"- q; = ;T - p;. Over the fiber at p, the morphism
¢ : LGy — Kj is trivial since the character of each LG, is trivial, (when g; is
unramified, the character of L*G, ~ G(O) is trivial, cf. [So| Corollary 9.1.3]; when ¢ is
ramified, there is a quotient map L*G,, — G” whose kernel is pro-unipotent, hence the

character of LG, is trivial since G” is'simple, cf. [BH, Table 2.3].) Thus ¢ is trivial. O
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From now on, we take C to be A! with the standard I'-action as in and prove the
following Theorem.

Proposition 5.10. Let L be a line bundle over Grg a». Given an integer [ > 0, if the [-th
power L' of the line bundle L has an L*Gun-equivariant structure, then L also has an
L* G an-equivariant structure.

Before proving this proposition, we first make some preparations. By Proposition
4.24] to show a line bundle L on Grg 4 has an L*Gx»-equivariant structure, it suffices to

consider the restriction of £ to each BD Schubert variety @; A
For any integer k, we define a group scheme LGz, which is of finite type as follows,
for each C-algebra R,

R(t,z1,...,2,] )F
(IT [Tyer(t—7y- k)

Set, L;Gun = L[ Gin Xz A". Clearly, L*Gun = 1<£an Gan. When £ is the finest partition
of [n], we have a factorization

LZQA; ~ (L Gar X -+ X LZQAINA;-

92) LiGn(R) = G

—1
Lemma 5.11. The action of L*Gan on Grg 4. factors through the action of L;Gun for
sufficiently large integer k.

Proof. Let A = A!\ {0}. When n = 1, we have Gy ~ Gry x Al and L*G;, =
Go X A‘, cf. [Zh3, Lemma 3.4.2]. For any integer k, we have L/ G;, =~ Go, X Al, where
Oy := C[#]1/(¢"). Tt is well-known that the Gp-action on @é factors through Gy, for some

k > 0. Thus, the L*G;,-action on the Schubert variety a; 41 factors through the action
of L;G;, for this k. Denote by K, the kernel of the morphism L*G,1 — L;Ga1. Then

it suffices to show K acts trivially on the Schubert variety Grg ,1. This is equivalent

act

A
to that the composition of morphisms K1 ~ Ky X1 Al SN Ky Xa1 Grg a1 — Grga

S/{ o
agrees with the constant morphism K1 — A' — Grg 1. This is true over A'. Hence
they must agree over A!, since K is irreducible.
Whenn > 2, let ¢ = ({1}, ..., {n}) be the finest partition of [n]. We have

—1 —A —A
Grg’Ag = (Grg’Al XX Grg’Al)

Ay

. . —A .
Thus, the L*QAg—actlon on the Schubert variety Grg a7 factors through the action of
LZQAE for some k > 0. By the same argument as before, for this k, the L*G4n-action on

. A .
the Schubert variety Grg ,. factors through the action of L;Ga». |

Lemma 5.12. Let p: X — S and g : Y — S be smooth schemes over S of finite type.
Suppose that f : X — Y is a morphism such that f; : X; — Yy is an isomorphism on the

fiber for each s € S, then f : X — Y is an isomorphism.
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Proof. The proof is taken from Mathematics Stack Exchange [Dr]. By assumption X
and Y are flat over S and f; is an isomorphism for each s € §, then f is a bijective,
unramified, flat morphism. Thus, f is étale and injective on the C points of X and Y. It
follows that f is an open immersion. Hence f is an isomorphism. O

Lemma 5.13. Let ¢ : G — H be a morphism of connected affine algebraic groups over
C, such that the induced morphism d¢ : Lie (G) — Lie (H) of their Lie algebras is an
isomorphism. If H is simply-connected, then ¢ is an isomorphism.

Proof. cf.[Spl, Exercise 5.3.5] O

Proof of Proposition It suffices to prove this proposition for each variety @; e
By Lemma(5.11} the L*G»-action factors through the action of the group scheme L; G -

for some k (depending on A). We still denote by L its restriction to @; An-

—1
. l + . . . .
By assumption, £ has an L; G s»-equivariant structure on Grg ., i.€. there are isomor-

phisms @, : L, ~ L} such that @y o 0 Oy, = Dy, forany g, ¢’ € LiGan, x € ﬁ;N.
We define a groups scheme LG ,, as follows, for each C-algebra R,

- 8 € L}:QA”(R)’ ¢g,x : Lx = £gx such that
93) LG, (R) := (& {¢e) | 3
0] @, , for x € Grg 4.(R)

gx
There is a central extension
(94) L > Z > LG, > LG, — lan,

where Z, = {¢p: L > L|¢' =id : L' — L'} is a finite group scheme over A". To prove
our proposition, it suffices to show that this central extension splits.
When n = 1, set A' = A"\ {0}. There is a splitting over A

B
1 Zil; LS LG; 1
IIAI kg‘&l T> kQA] — 1,

—1 —1 o
since Grg ;1 =~ Grg x Al and L*G;, ~ Go x Al. Let LZQ‘LI be the schematic image
of B: L;G; — LG, (we remove the non-identity components over 0 if they occur).
By [Hal Proposition 9.8], L;QTAI is a flat group scheme over A'. By Cartier’s Theorem
and [Ha, Theorem 10.2], LZQL] is smooth over A'. We claim that the natural morphism
p: LZQ‘LI — L{Gu is an isomorphism. By Lemma [5.12} it suffices to check the fibers
LZQI = L; G, are isomorphic at any x € Al Tt is true over A, since there is splitting 8
over A!'. When x = 0, we have

95) 1> > LG, - LG, — 1,
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where p, denote the group of £-th root of unity. Since L;QLI and LG, are both smooth

group schemes over A!' and isomorphic over Al their fibers at 0 have the same dimen-

sion. By , Lie(LZ_QO) ~ Lie(L,jgo). By dimension consideration, the injective map
Lie(L; G,) — Lie(L;G,) = Lie(L; Go)

must be an isomorphism. Moreover, the kernel of the quotient map L;Gy — G is

unipotent. By [HK2, Lemma 6.1], G” is simply-connected. Thus, L;G is also simply-

connected. In view of Lemma , the morphism L;Q(T) — L;Gy is an isomorphism.

Finally, by Lemma _ the morphism p : L;gjv — L[Gu is also an isomorphism.
This gives a splitting of the central extension (94)).

When n = 2, there exists an isomorphism
(96) Grg’AIXAl = Grg,Alx{l} X Al
given by (a,b, F,B) = ((b7'a,1,(Pp1).F, (Bp-1).0), b), where p,1 : Al — Al is given
by ¢ + b~!c. This isomorphism is G,,-equivariant, where on the left the action is induced
from the simultaneous dilation on A! x A! and on the right the action is induced from

the dilation on A'. o
Let U = A"\{L,o(1),...,0" (1)}. By the factorization property, we have Grg 5, ~

@;U X @éz. Thus, we have a splitting over U X {1},

B
97 | —7 LG, —L'G,  —1
97) lu ngx{l} P ngx{l} )

By the same argument as in the case when n = 1, we can extend the splitting 8 to a
splitting @ over A! x <{1}. Via the isomorphism (96), the G,,-dilation produces a splitting
a LGy — LG, ;0 from a. By a similar argument, there exists a splitting
@ LG — L/:_gAlel' By the uniqueness of the splitting, @, and a, agree on
Al x A!. Thus, we get a splitting over (A! x A') U (A! x A'). By Hartogs’ Lemma, this
splitting extends to A' x A,

When n > 2, we prove it by induction on n. For any nontrivial partition & = (Iy,...,1;)
of [n], we have factorizations Grg’Ag ~ (Grgpn X+ -+ X Grg’ i)l A and LZQA; ~ (L;Gan X
X LG, Al- By induction, there is a splitting

Be
1 Zl LG, —1'G,, — 1
1AL kg ar T p kAl :

Moreover, B, and B¢ agree on A; N A7 by the uniqueness of splitting. Hence, we can

glue these morphisms {8}, to get a splitting 8 : L/ G|, ap = L QU un over [ A7 Note
, z ,

that the complement of [ J; A} is A, which has codimension greater than or equal to 2.

By Hartogs’ Lemma, 3 extends to a unique morphism L*Gun — L*G . O

Remark 5.14. When I is taken to be the trivial group, we have Grg c» = Grg en. Clearly

the proofs of Lemma [5.9)and Proposition [5.10] are still valid.
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Following [Fa], we construct a determinant line bundle L4 on Grgc», which has a
natural L™ Gcn-action. Consider the adjoint representation Ad : G — GL(V)). It induces
a morphism ¢ : Grgcn — Grgry,),c». For each morphism Spec(R) — Grgpy,y).cr, 1.€. a
triple (7 = (p1,...,pn), V,B : (VIC-R\UFE ~ (VIC-R\Urﬁi), where p; € Cg, and V is a vector
bundle on Ck, there exists N > 0 such that Vo(-N(XT5)) €V € Vo(N(ET5,)). We
associate a line bundle

(98) NP VoNET)/V) & NP(Vo(N(ET5)/ Vo)

on Spec(R). This assignment gives a line bundle L4 on Grgp ) c». Then the pullback
¢* Lge 1s a line bundle on Grg ¢» with a natural L*Gc»-action, we still denote it by L.

Theorem 5.15. Let I be either trivial or generated by o. Let C be an irreducible smooth
curve with a faithful T-action such that all ramified points in C are totally ramified.
There is an L*Gcn-equivariant structure on the level one line bundle Lcn over Grg cn.

Proof. We first prove the case when I' is trivial and G is the constant group scheme. Let
{U;} be a cover of C with étale morphisms U; — A'. By Proposition we have the
following isomorphism for some Z; closed in U?,

(99) GrG,U?\Zi ~ GI'G,AH Xan (Uln \ Zl)

Note that the determinant line bundle L4, on Grga» automatically has a trivializa-
tion along the section e. By Theorem 1), we have L4 ~ L., for some [ > O,
where L. denotes the level one line bundle on Grga». Applying Proposition [5.10]
to the case when I is trivial, we get an L*Gu.-equivariant structure on Ls.. Since
the isomorphism (O9) commutes with the L*Gynz action, the level one line bundle
£Ug\z,- := ¢*(Lan) On GrG,Ug\z,- is equipped with an L+GU7\Z,.-equivariant structure, where
¢ : Grgymz — Grgan is the natural morphism induced from (99). When n = 1, Z; is
empty, the level one line bundle £ on Grg ¢ can be recovered by gluing these rigidified
line bundles £,. Hence, L¢ also has an L*G-equivariant structure by the uniqueness
of a splitting, cf. Lemma When n > 2, for any non-trivial partition & = ({4, ..., I;) of
[7], the restriction of the line bundle LCZ ~(LenR---RL e, )|cg has an L*Gcz—equivariant
structure by induction. Note that {U'\Z;, C ;}} i,z 1s a cover of C" and the level one line bun-
dle L¢» can be recovered by gluing the rigidified line bundles { L,z -[:cg}i,g- Again,
by the uniqueness of a splitting, L is equipped with an L*G¢»-equivariant structure.

When I is the cyclic group generated by the standard automorphism o, let (¢, U it
be the covering of C constructed in Theorem Recall Proposition for the con-
struction of the level one line bundle £ ), on Grg .. By the case when I' is trivial and
the uniqueness of a splitting, £, has an L*G ¢.-equivariant structure. For each i, by
Corollary we have a base change map

(100) Grg,U"_l\Z,. ~ GI‘Q’An Xan (Uln \Zl’),

where Z; is define in (89)). By the same argument as in the case when I is trivial, the level
one line bundle Ly,nz on Grg ynz has an L' Gy, z-equivariant structure for 1 <i < r.
We prove the theorem by induction on n. When n = 1, the level one line bundle L is

constructed by gluing the rigidified line bundles { L, Ly,}._,. Thus, Lc is equipped with
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an L*Gc-equivariant structure naturally by the uniqueness of a splitting, cf. Lemma/[5.9]
When n > 2, for any non-trivial partition & = (I4,...,I;) of [n], the restriction of the
line bundle -Ecg ~ (LR R Lclk)|cg hasan L* gcg—equivariant structure by induction.
From the proof of Theorem|5.8] the level one line bundle L can be recovered by gluing
the rigidified line bundles { L ¢y, Ly z» ch }iz. Again, by the uniqueness of a splitting,

L is equipped with an L*Gcn-equivariant structure. |

5.3. Level one line bundle on BG Grassmannians of adjoint type. In this subsection,
we assume that G is of adjoint type. Let G’ be the simply-connected cover of G. Let T’
be the maximal torus of G" which is the preimage of T via the projection G' — G. We
have the natural embedding X.(7"’) € X.(T).

Recall that the components of affine Grassmannian Grg can be parameterized by the
set X.(T)/ Q Let A! be the affine line with a coordinate z and the standard I'-action as
in (66). Set A' = A' — 0. Then, Grgy, = Grg x A!, cf. [Zh3, Lemma 3.4.2]. Thus,
the components of Grg ;: can be parameterized by the elements of X.(T') /Q. For any
k € X.(T)/Q, denote by Grg ;:[«] the component corresponding to «. Let Grgai[k]
denote the closure of Gryg ;:[«] in Grg 41, and we call it the k-component of Grg 41.

More generally, for n > 2, let € be the finest partition of [n], then there is a factoriza-
tion over the open subset A; ={pe€ (A | pi # pj Yi # j}of A"

Grg,Ag = (Grg jui X+ -+ X Grg’Al)lAg.

For any X = (ky,...,k,) € (X.(T)/Q)", let Grg,Ag[k’] = (1 Grg,&l[KimA;- Define
Grg an[K] to be the closure of Grg, A [K] in Grg ., and again call it the K-component

of Grg .. When & = 0, we denote it by Grg n[d].

Let G’ be the group scheme Resc/@(G’C)r. There is a natural morphism G’ — G. Let
t : Grg un — Grg s be the morphism given by (7, F,8) = (3, F,B), where ¥ = Fx9' G
and f3 is the trivialization induced from .

Lemma 5.16. The morphism ¢ : Grg an — Grgan is a closed embedding.

Proof. From ¢, we naturally get a morphism ¢; : Gr; an = ﬁg 4 fOr any de (X(THH)".

. - . —A 1, . .
Over each point p € A", the morphism ¢;; : Grg ; — Grg; is an isomorphism,

cf. Corollary By Lemma t; must be an isomorphism. Taking the direct limit
of ¢; with respect to the standard partial order <, by Proposition[4.24| we recover the map
t. Thus, ¢ is a closed embedding. O

From Lemma [5.16, the morphism ¢ restricts to an isomorphism Gr, ;, ~ Gr ;.[0].
G A1 G.Ay

Thus, we get an isomorphism

Grg/7An ~ GI'Q,An [5)]

For each 1 < i < n, let z; be the i-th coordinates of A”. For any @ = (uy,...,1,) €
(X.(T))", we define
o= | ] |-y 2™
i=1 yel
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to be a section A" — LGa», where ¢ is the standard coordinate of C. Point-wisely,
it sends j to [];,(t — y(p))’*’ € LGs. Let k; be the image of y; in X.(T)/Q, then

@; an C Grg 4n[K], and the translation by n; gives an isomorphism

(101) Tﬁ . Grg,An[é)] =~ Grg’An[l?].

Let £, be the level one line bundle over Grg 4+, which is constructed in Section @ It
gives rise to a line bundle L. over Grg 4:[d] via the isomorphism Grg an =~ Grg a«[0].
Denote by Lan; := (T7).La» the push forward of L. via T}.

Lemma 5.17. Given any [i,V € (XX (T))" whose images in (X.(T)/ Q)" are R, there is an
isomorphism Lpng ~ Lan; of line bundles over Grg sn z.

Proof. Consider the isomorphism T_; : Grg a»[0] — Grg a»[0]. Regard (Ty_z).La» and
L as line bundles over Grg 4». Then they have rigidified structures automatically since
any line bundle over A" is trivializable. Moreover, they have the same central charge at
any point. By Theorem (Ty_g)«Lan = Lar. Pushing forward via Tj;, we get an
isomorphism Ly = Lan 5. O

From this lemma, the line bundle (7). L4~ over Grg 4»[K] only depends on £, we shall
denote it by L z.

Proposition 5.18. Let K = (ki,...,&,) € (X.(T)/Q)", set k := Y k;, then

(1) There is an isomorphism of line bundles over Grga,, K]

Lpnglagn = Lok
(2) Given a partition & = (1, J) of [n], then there is an isomorphism of line bundles
over Grg,cg [X]
Langlap = (Larg ® LAJ,R’,)lA;-

Proof. (1) By Theorem@, the restriction of L), ,|a,, to the diagonal Grg »,, = Grg a1 is
isomorphic to £A,. Thus, Lan|a,, = Ls1 as line bundles over Grga,,[0] = Grg 41[0]. For
each i, choose y; € X.(T) such that its image in X.(T)/Q is ;. Set @ = (uy,...,u,) and
u = Y ;. Restricting the section ny to the diagonal, we get a map A' ~ A, o, LGa,, =

LG sending p to [, (r — y(p))"@#). Let u = 3, ; € X.(T), then this composition map
coincides with the section n, : A' — LGa:1. Therefore,

Longlag, = (Tp)sLon)lagn = (T)Lar = L,

as line bundles over Grg a,, [K].
(2) It follows from the factorization properties of L', and n;. i

Proposition 5.19. For any kK € (X.(T)/Q)", there is a unique L* G, ,-equivariant struc-
ture on L z.

Proof. In view of Lemma [5.9] the uniqueness is clear. We now prove the existence.

Choose i € (X.(T))" such that its image in (X.(7)/ Q)" is K. Recall that L. ¢ is the push

forward of L via T : Grg an[0] = Grg s:[K]. Thus, an L* G, ,-equivariant structure on

Lxn z 1s equivalent to an Ad,l_ﬁ(LJr G',»)-equivariant structure on the line bundle £, over
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Grg 4n[0]. By the definition of Ly, this is equivalent to an Ad,,fﬁ(L+QA,1)—equivariant
structure on the level one line bundle L, over Grg an.

Consider the morphism ¢ : Grga» — Grgry,) induced from the adjoint represen-
tation G — GL(V)). One can define a determinant line bundle Ly, over Grgry,)
by (98). Then the pullback ¢* Ly is a line bundle over Grg 4» with a natural L*Gsn-
equivariant structure, which will still be denoted by L. Restricting to the ¥-component,
we get an L™ G, ,-equivariant structure on LaetlGrg unir- This implies that Laecr, (5 has
an Adn_ﬁ(LJrQAn)—equivariant structure. Via the identification Grg 4n =~ Grgan[3], by
Theorem 5.8 we have Laecr, .5 = (£,)' for some L. Thus (£},) is Ad,_(L*G,,)-
equivariant.

For any le (X.(T))" whose image in (X.(T)/ Q)” is £, by the same proof of Lemma

. —4 .
5.11, one can show the L*G),-action on Grgun C Grgan [K] factors through a finite

—1
type group scheme L/G,,. Let ;L*G), denote Ad, ,(L*G),), and regard ;Grg, ,. :=
—1 ) —A
T/;,I(GrgAn) as a subscheme of Grg s». Then the ;L*G),,-action on ;Grg, ,. factors

through a finite type group scheme ;L;G),. Define ;L;G’,, similarly as in (93), by
the same argument as in Proposition[5.10] one can show the following central extension
splits

(102) 1 = Z =4 LG . 5 LiGhn — 1.
It follows that the line bundle L), over Grg 4 is Ad,,_ﬁ(UQ;\\,,)—equivariant. Equiva-
lently, the line bundle £, is L*G), ,-equivariant. O

N

Definition 5.20. For any BD Schubert variety Gry ,,, it is contained in a unique -
component Grg 4»[K]. With no confusion, we will denote by L4 the restriction of Lz

—A . . —A
on Grg 4., and call it the level one line bundle over Grg ...

Corollary 5.21. The space Ho(ﬁg, ans Lan) is a g[t]”-module.

Proof. By Proposition |5.19}, the group scheme LG, acts on Ho(ﬁg’ ans Lan). This

—1
induces an action of Lie(L*G),) on HO(Grg, ans Lan). Note that LG, = @LZQAH,
where L/ G, , is defined in . Thus,

n r
Lie(L" ) = lima(Cltzi, -+ zl/ [ | [ ]t = v+ 20") @eqan €14
k

i=1 yel
There is a natural morphism g[¢]” — Lie(L*G),,) induced from the natural inclusion

Cl[t] - CJt,z1,- - - , 2,]. Therefore, HO(Gr;An, L) is a g[t]7-module. O

6. GLoBAL DEMAZURE MODULES AND BD SCHUBERT VARIETIES

In this section, we first equip a G,,-equivariant structure on level one line bundles on
Grg 4». Then, we prove a Borel-Weil type theorem on BD Schubert varieties for twisted

global Demazure modules.
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6.1. G,-equivariance on the level one line bundle £,.. Let o be a standard automor-
phism G of order m as in Section and let I" be the cyclic group generated by o
Denote by C[¢] the coordinate ring of the affine space A'. Recall the standard I'-action
on A! given by o(f) = €'t. Let 7 : A — A! denote the quotient map sending a to
a. We can identify A' with A!. Under this identification,  can be regarded as the map
A — Al given by a — a™. Similarly, we can define the I'-action on G,, and the quotient
space G,,.

Let G = Resyi7:(G X Al)r be the parahoric Bruhat-Tits group scheme over A' as
defined in Section For any scheme § over Al let 7S be the Weil restriction of
scalars from A! to Al. Set AL = A! xS and Al := A' x 7.S. We denote by Gs the
group scheme G X 1.8 = G Xz1 A} over A}.

For any h € G,(S), let p, : Ay — Ay be the map sending (a, s) to (h(s)a, s). It
induces a map p, : Ay — Al sending (a, s) to (h(s)a, s), where h is image of h via
Gn(S) = Gu(S).

Proposition 6.1. Let S be a s_cheme over Al. For any h € G,,(S), there is an isomor-
phism of group schemes over A

Pr(Gs) = Gs.

As a consequence, the pullback (0,)'F of a Gs-torsor F over A; via py, is also a Gs-
torsor.

Proof. For any scheme T over Al, denote by (04).T its pull-forward via p,, i.e. (05).T

. = . .. = P = .
is regarded as the scheme over Ag via the composition 7 — Ag N Ag. There is

a I'-equivariant isomorphism f : T Xzl Ay = ((py):T) Xzl Ag of schemes, given by
(t,a) — (t, " (a)). This induces an isomorphism of groups

GGIT) = Gs(B0)-T) = G T) x5 ALY D G(T x5y AL = G (D).

Thus p,(Gs) ~ Gs. .
For any Gg-torsor ¥ over A;, the pull-back p;F is an p,Gs-torsor, and hence is a
Gs-torsor via isomorphism p,Gs ~ Gs. O

From the proof, one can see that this proposition also holds for P!. Let Bung be the
moduli stack of G-torsors on P!. For any scheme S over P! and 4 € G,,(S), we define a
map

¢ : Bung(S) — Bung(S),
sending ¥ to p; ¥ . This gives an G,,-action on Bung.
By Proposition[6.1], for any / € G,,(S), one can define the following map

(103) Y 2 Grgai(S) — Grgai(S)

(p.F.B) = (h-p,p, T, p,B)
Recall that Grgy = Gry, the restriction of ¥ to the O-fiber induces a map Grgy(S) —
Grg(S), which will still be denoted by ;. This gives a G,,-action on Gry. In fact,
one can check this action agrees with the action induced from the natural G,,-action on

O = C[[1]] sending ¢ to a~'t for any a € G,,(C).
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Now, we assume G is simply connected. By the uniformization theorem [Hel, we have
Bung =~ G[t']"\Gry as algebraic stacks. Then, we have the following commutative
diagram

Gry(S) —2s Gry(S) .

|, ]

Bung(S) —— Bung(S)

Let .Z be the level one line bundle on Gry. From [BH, Theorem 3.13], the line bundle
has a natural G[t"!]” = G,,-equivariant structure. The G[¢"!]”-equivariant structure on
the line bundle . descends to the ample generator £ of Pic(Bung). Moreover, Lemma
implies that G,,-action on .Z also descends to a G,,-action on .L.

Let Grg 4» be the Beilinson-Drinfeld Grassmannian over A". For h € G,,, we define
a map Grga» — Grgyr sending (ay,...,a,, F,0) to (hay, ..., ha,, (K")"F,(W")B). It
gives a Gy,-action on Grg 4». Recall that the level one line bundle L4» on Grg a» is the
pull-back of L via the projection Grg s» — Bung. Then the G,,-action on £ induces a
Gy,-action on L4». One can check this action is compatible with the G,,-action on Grg a».
In summary, we have the following result.

Lemma 6.2. When G is simply connected, there is a G, -equivariant structure on the
level one line bundle L4 over Grg 4n. Moreover, this G,-equivariant structure restricts

—1
to the natural G,-equivariant structure on the line bundle Lz over Grg ; for any pE
A" |

Let G be adjoint, and let G’ be its simply connected cover. With the same setup as in

. == o L
Section for any BD Schubert variety Grg ., it is contained in a unique k-component

Grg 4 [K]. Recall Definition [5.20 the level one line bundle L4 over @; 4 18 defined to

.o —A
be the restriction of Lz to Grg 4.

Proposition 6.3. When G is adjoint, there is a G,,-equivariant structure on the level

. —A . . . .
one line bundle L. over Grg an- Moreover, this G,,-equivariant structure restricts to the

N

—1
natural G,,-equivariant structure on the line bundle L over Grg ; for any jj € A",

Proof. For any h € G,,, we define ¢, : Grgan — Grgar and ) @ Grg an — Grg an
similarly as in (I03)). Clearly, ¢, preserves the k-component. Hence, it restricts to an
morphism ¥, : Grg a:[K] — Grg a»[K]. One can easily check that the following diagram
commutes,

T+
Grg/’An —A> Grg,An [I?] s

l//;,l whl
T

GrgrvAn _A) Grg,An [I?]

where T'; is defined in 1} Let £, be the level one line bundle over Grg 4». Then, the

G,,-equivariant structure on £, induces a G,,-equivariant structure on the line bundle
53



—1
Long := (Ty)..L,, over Grg 4 [K]. Restricting to Grg 40, We get a G,-equivariant structure
on the line bundle L,». The second statement of the proposition directly follows from
Lemma O

Theorem 6.4. With the same setup as in Proposition the space HO(Gr; ansLan) is a
graded free C[A"]-module.
Proof. By Theorem 3.9} Corollary 4.20] and the isomorphism (63), the function () :=
dimc HO(Gr " p) is a constant function over g € A". Thus, HO(Grg an> Lan) is a pro-
jective C[A”] module

Moreover, the G,,-equivariant structure on L. gives HO(Grg, any Lan) a graded struc-
ture, which is compatible with the natural grading of the polynomial ring C[A"]. Using
the graded Nakayama lemma (cf. [SP, Tag OEKB]), HO(GI‘Q,AM,LAH) is a graded free
C[A"]-module. O

6.2. Borel-Weil type theorem for twisted global Demazure modules. With the same
setup as in Proposition by Theorem , the space HO(Gré’ an> Lan) 18 a graded
free C[A"]-module. Denote by HO(Gr; ans Lan) its dual as a C[A"]-module. Then,
HO(Gré’ ans Lan)" is still a graded free C[A"]-module, and is a g[¢]”-module by Corollary

In the following context, we will simply denote by £ the level one line bundle £ »

A . T
over Grg 4. By the factorization of Schubert varieties in Theorem @.12f and the factor-
ization of line bundles in Proposition [5.18] we have an isomorphism

i HO@QM, L)Y (HO(Grg e L) ® - @ HOGr ' £5,)") ®cyan CIAL,
By Theorem [3.13] the following g[#]”-module
(104) D7 (¢, D)ar := D7(c, D) ® o 1 CIA"]
is a graded and free over C[A"]. Finally, we have the following theorem.

Theorem 6.5. For any n > 0, there exists an isomorphism of (g[t]”, C[A"])-bimodules:

(105) ® 0 D(c, Dan = H(Grig p, L)
Moreover, for any nontrivial partition & = (Iy,...,1I;) of [n], the following diagram
commutes
(106)
5 Parlay 1 v
D7(¢, Dar Ocram CLA] HO(Grg’ Ay L) ,

| |

(8,570 21) et O] gz (@, (G, £5,) o L4

(T @)lay A’ ’

where /l, is defined in (31), ®; := @, 1;, and the map ; is defined in in Proposition

B.17 As a consequence,  is an zsomorphzsm
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Proof. When n = 1, set A! = A\ {0}. We have an isomorphism @;Al ~ @é x Al
cf. [Zh3, Lemma 3.4.2]. Thus, there is an isomorphism

HO(Gry 41, £°)" = D(c, A) @ CIA'],

Composing with the map Ho(ar; an L) Ho(ﬁg’ 1, L9)", we get an embedding

(107) HO(Gry,1, £°)" < D(c, 1) @ C[A'].
Recall Proposition that there is an embedding
(108) D (¢, A1 = D(c, 1) ®c C[A'].

Taking the lowest weight parts of these modules in and (T08) with respect to the
h7-action, we get the following embeddings:

— . °
¢ . HO(Grg’Al , .EC)\_/CL(/D — D(C, A)—L‘L(/l) ®c C[AI]’
W (D7(, A)a) ey = D, ) Oc CIA'].

We shall show Im(¢) = Im(y¥). Note that Im(¢) and Im(y) are free rank one Cl[z]-
modules, and D(c, )¢ 1) ® C[A!] is a free rank one C[z, z~']-module. We must have

Im(¢) = z“Im@y).

We claim a = 0. By Theorem [6.4| and Theorem [3.13} H%@;A. , L) and D7(c, A) 4
are graded free C[A']-modules. By Theorem [3.12|and Corollary |4.20, we can compute
their characters via the fibers at 0 € A':

(109) ch(HO(Er;AI,LC)V) = ch(D%(c, 1) - (1 = g)™" = ch(D(c, D)u1).

In particular, on the lowest weight part, we have

ch(H(Grg 1, £9)" ) = ch((D7 (€, Dp)-ciw)-

Hence ch(Im(¢)) = ch(Im(y)). It follows that a = 0. In other words, Im(¢) = Im(y),
and furthermore

—
HO(Grg,Al ) LC)X“(/D = (]Do—(c’ /I)Al )—a(/l)~
Consider the following embedding of g[#]”-modules
—
D7(c, )pr = U(g[1]7) « D7 (¢, Dar)-ary = U(@[1]7) - HO(Grg,AI,LC)LM)
— H(Gry 1, L9)".

By the equality (I09) of characters, this embedding must be an isomorphism, which will
be denoted by @y

When n = 2, let ¢ = ({1}, {2}) be the nontrivial partition. From the case when n = 1,

we have an isomorphism (fz) ™ o (®x1 X @ 1) It of C[A;]-modules

—1
(110) (D7(c, A)a1 ®D7(c, A2)ar) ®cpez) CLAZ] = H(Grg 2, L)
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Combining with Proposition we get an embedding
(111) D (c, D) p2 < HO(Er;Ag,LC)V.
Consider the restriction map |

(112) HO@;Az,ﬁ)V — Ho(ar;A?,LC)V.

Taking the lowest weight parts of these modules in (112) and (I11) with respect to the
g7 -action, we get the following embeddings:

_ i —1
¢ : HO(GI’Q,AZ, -LC)XCL(,U — HO(Grg,Aga LC)XU(/U’

5 —1 :
o (D7(c, Da2)-ary = H O(Grg,Aga Lé)ﬁa(ﬂ)-
We shall show Im(¢) = Im(). Note that Im(¢) and Im(y) are free rank one C[z;, z2]-

—A . .
modules, and HO(Grg,Aé,Lf)Xa( pisa free rank one C|z;, zo],-modules, where a is the
ideal generated by z; — éiZZ, withi=0,--- ,m— 1. We must have

m—1

(113) m(g) = | @ - )" Im(y).

i=0

We claim a; = 0 for any i. Consider the I'-action on A? defined by o * (x, ) := (x, €(y)).
This action extends to an action on Grg ,2. From the construction of L (cf. and
Section [5.3)), there is a natural I'-equivariant structure on £. When n = 1, it is clear that
@, is equivariant under the standard action of I" defined in (66). Hence, the morphism
(TT0) is I'-equivariant. Then the induced map (T11)) and hence y is I'-equivariant. From
(T13), the I'-equivariance of ¢ and y imply that

[Ti(z1 = EHZz)ai = [z = fizz)ai-

It follows that a; = a;_; for any i. Since ch(Im(¢)) = ch(Im(y)), we must have } a; = 0.
Therefore, a; = 0 and Im(¢) = Im(yy). By the same argument as in the case n = 1, this

. . B —A .
leads to an isomorphism @2 : D7(c, A)u2 = H(Grg 0, L), From the construction,
@, satisfies diagram (106)).

When n > 2, we prove it by induction. Let & = (I}, 1,,...,I;) be any nontrivial
partition, i.e. ¢ # ([n]). By induction, we get an embedding
5 —1
D = f;' o (TT @a)lay © e : D7(c, Day = HO(GTQ,A;,LC)V.

Let & = (I},...,I;,) be another nontrivial partition. Consider a new partition as follows
(with the lexicographical order),

i =U,Nhl1<a<k1<B<K).

It is easy to check A, = A7 N Aj. Forany 1 < a < k, we denote by & the partition
N I[; | 1 <pB <Kk’)of I,. By induction, we have (DQ|A?; = fé;l o([1g (I)‘,,/g)lAg’,; o, over
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Aé‘,’, for any 1 < a < k. It follows that
Delar, = fi' o ([Ta Do )lag, © e
= f' o (T fila, © (Tap Paplar, © (s ey lay, o e

: ¢ ¢
_ p-1
= Jer © (Tap Papllay, © Yer
= D,
Similarly @ | A, = ;. Thus, ®; and @, agree on Ay N AZ. Hence, we can glue these
{D¢)¢ together to get an embedding over |, A7 = A" — Ay, i.e.

ﬁ i
@ : D7(c, D)ar ®cpan CIA" = Ayl = H(Grg o, . L),

where Ay, is defined in (69). Since A, has dimension 1, by Hartogs’ Lemma, @ extends
to an embedding over A",

(I)An . DO—(C, Z)An — Ho(a;’An, LC)V-
Note that both sides are graded free C[A"]-modules, and have the same graded 7°-

character as the same argument as in the cases for n = 1,2. Thus, ®,» must be an
isomorphism. o

Remark 6.6. (1) The proof of this theorem is similar to the method used in [DFF,
Section 5.1]. It is worth noting that, in the twisted case, it is already nontrivial
when n = 1, and when n = 2 the argument is more subtle. Moreover, in our
argument, in order to prove the isomorphism (I03]), the commutativity of the
diagram (I06) needs to be involved in the induction.

(2) In [DEE], a version of Theorem [6.5]is proved for symmetric BD Schubert va-
rieties in the untwisted case. In our paper, we only work with the twisted BD
Schubert varieties over A", where the coordinates of points are ordered. The
main reason is that the algebra A“(c, A) is more complicated than the untwisted

case, see Remark|3.22| In particular, whenn = 1, H' 0(@;, a1, L)) is naturally an
Clz]-module, while D7(c, 4) is a C[z"]-module for some integer r > 1, where r
depends on whether A is o-invariant, see Example [3.3]

The following corollary immediately follows from Theorem [6.5]

Corollary 6.7. Let 1= (1,,...,1,) € (X.(T)")".
(1) Let ¢ = (I4,...,I) be a partition on [n]. For any point p € Ag, there is an
isomorphism of o[t]”-modules as follows, ’

k
D7 (e, Dy = Q) D7(e, A1),
j=1

where p;, and ZI/‘ are defined in (30) and (31).
(2) Forany p = (p,v2(p),...,v.(p)) € A" such that p # 0, there is an isomorphism
of g[t]”-modules
D%(c, D) = D(c, A5),,
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where A3 := A, +y5] (Ap)+-- -+y;1 (A,) and D(c, A33),, denotes the module D(c, A;)
with a new g[t]”-action given by (I7).

Proof. Part (1) follows from the fact that the g[7]”-morphism ¢, defined in Proposition
3.17|1s an isomorphism. Part (2) follows from Corollary and Theorem [6.5] O

Remark 6.8. Note that when 7 = (0,---,0) € A", the fiber D7(c, /T)ﬁ is already deter-
mined in Theorem [3.12] and this fact is used in the proof of Theorem [6.5] This fact
6

together with Corollary |6.7|determines the fiber D7 (c, ) 7 at any point j € A"

ApPPENDIX A. TANNAKIAN INTERPRETATION FOR (I", G)-TORSORS

Let G be an affine algebraic group over an algebraically closed field k. Recall a clas-
sical result that a G-torsors is equivalent to a faithful exact tensor functor from Rep(G)
to the category of locally free sheaves, cf. [No, Br]. In this appendix, we generalize this
equivalence to an equivariant setting. Let I" be a finite group acting on a k-scheme Y and
acting on an affine algebraic group G over k.

Definition A.1. A (I', G)-torsor is a scheme ¥ faithfully flat and affine over Y with a
["-action and a right G-action such that

(1) The map ¥ — Y is both I'-equivariant and G-equivariant.
(2) The G-action on ¥ is compatible with the I'-action, i.e.the G-action map ¥ X
G — ¥ is I'-equivariant, where I'-action on ¥ X G is given by y(p, g) = (yp, yg)
fory eT.
(3) Themap F X G — F Xy F sending (p, g) to (p, pg) is an isomorphism.
Given (I', G)-torsors  and ¥, a (I', G)-equivariant map f : ¥ — ¥’ is a morphism of
G-torsors which is also I'-equivariant.

We denote by Bunr(Y) the category of (I', G)-torsors over Y in which the morphisms
are (I', G)-equivariant maps.

Definition A.2. Let €, D be two tensor categories, and let F, F’ : € — D be two tensor
functors. A morphism f : F — F’ of tensor functors is a natural transformation from F
to F’ such that, for any finite families (V;),; of objects in €, the diagram

(114) Qe FV) —— F( R, Vi)

ier fV,ll llf®iel Vi
®ie] F' (Vi) — F’( ®iel Vi)
commutes. (See [DM, Definition 1.12])

Remark A.3. This definition is equivalent to the commutativity of the diagram (114 for
I ={1,2}and I = 0.

Denote by Rep(G) the category of finite dimensional algebraic representations of G
over k, and by Coh"(Y) the category of locally free sheaves of finite rank on Y. For

each vy € I, denote by y; (resp.yy) the automorphism on G (resp. Y) associated to 7.
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Let yy : Coh''(Y) — Coh"(Y) be the pullback functors induced from yy. We define a
functor y¢, : Rep(G) — Rep(G) as follows, for any (V, p) € Rep(G),

Ye(V.p) := (V,p o yc).
The natural tensor structure on the category Rep(G) (resp. Coh''(Y)) is preserved by Y
(resp.yy).
Definition A.4. We say a tensor functor F' : Rep(G) — Cohlf(Y ) is I'-equivariant if it

is equipped with a collection of isomorphisms between tensor functors {6, : Fy; —
Yy F}yer such that, for any n,y € I', the following diagram

(115) Fngyg —> nyFye —> nyYyF
F&J/z sz
Flymyg ™ (ymyF
v

commutes, where ¢ : n;y; = (yn);; and € : nyyy = (yn)j are natural isomorphisms
between these functors. In fact, the commutativity of this diagram implies that 6, = id :
F=Fe¢ — e'F=F.

Let ¥ be a G-torsor over Y. For each object V in Rep(G), we denote by .%y the
sheaf sections of the vector bundle F x¢ V over Y. Then, .%y is locally free and it is
well-known that

Spec S(Fy) = F x°V,
where S (ﬁv‘v) denotes the symmetric algebra on the dual sheaf gZ*V, cf. [Ha, Exercise
5.18]. There is a natural functor ®(¥) : Rep(G) — Coh"(Y) associated to , which
sends any representation V to the locally free sheaf .%y on Y.

Lemma A.5. Let ¥ be a (I', G)-torsor over Y. The functor ®(F) : Rep(G) — Coh(Y)
is a faithful exact tensor functor and it is I'-equivariant.

Proof. By [Br, Lemma 4.1], F is a faithful exact tensor functor. Thus, it suffices to
show F satisfies Definition Let 6, be the natural isomorphism between the vector
bundles F x¢ v.V and v (F xY% V) over Y sending (p,v) to (yp,v). Itis easy to check
the collection of isomorphisms {6, },<r satisfies O

Definition A.6. Let F', F’ be two I'-equivariant tensor functors from Rep(G) to Coh(Y).
A morphism from F' to F’ as I'-equivariant tensor functors is a morphism f : ' — F’ of
tensor functors such that for any y € T', the following diagram commutes

(116) Fys, L5 Fry:

9ylz zl%
idof

yYF —_— 'yYF'

Denote by TFr(G, Y) the category of tensor functors from Rep(G) to Coh"(Y) that are
faithful, exact and I'-equivariant. The morphisms between these objects are defined to

be morphisms between I'-equivariant tensor functors.
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Recall that given a (I', G)-torsor ¥ over Y, for each object V in Rep(G), one can
associate a locally free sheaf .%#y. By Lemma the functor ®(7) : Rep(G) —
Coh![(Y) is an object in TF(G,Y). Let f : ¥ — F’ be a morphism of (I', G)-torsors.
We naturally get a morphism ®(f) : ®(F) — O(F’) of I'-equivariant tensor functors.
As a summary, we have the following result.

Proposition A.7. @ is a functor from Bunr(Y) to TFr(G,Y). O

Conversely, for any object F in TFr(G, Y), we would like to construct a (I', G)-torsor
corresponding to F.

Definition A.8. An affine G-scheme over Y is a scheme which is affine and flat over Y
with a left G-action. Moreover, an affine (I', G)-scheme over Y is an affine G-scheme
f : X — Y over Y equipped with a I'-action such that

(1) f: X — Y isTI'-equivariant.
(2) The G-action map G X X — X is ['-equivariant.

Denote by Rep™(G) the category of locally finite dimensional representations of G,
and by QCoh(Y) the category of quasi-coherent sheaves on Y. Let F : Rep(G) —
Coh'(Y) be a faithful exact tensor functor. One can extend it uniquely to a faithful exact
tensor functor Rep™(G) — QCoh(Y) which will still be denoted by F, see [Br, Lemma
4.4]. For an affine G-scheme X over k, we define a scheme over Y

F(X) := Spec F(k[X]),

where k[ X] denotes the coordinate ring of X. It was shown in [Br, Lemma 4.5] that F(X)
is flat and affine over Y. Thus, F gives to a functor from the category of affine G-schemes
over k to the category of schemes affine and flat over Y. Given any representation V in
Rep(G), it can be regarded as a G-scheme. Then F(V) = F (V), where F(V) represents
the affine bundle associated to the locally free sheaf F(V).

Let X be an affine G-scheme over k and for any y € I', we define y;X to be the
scheme X with a left G-action twisted by the morphism y; : G — G, and define y*YF X
to be the pullback of the scheme FX via the morphism yy : ¥ — Y. Then we have
yeX = Spec(y;(k[X]) and y;,FX = Spec(y;F(k[X])). If F : Rep(G) — Coh"(Y) is
I'-equivariant, then the extended functor F : Rep™(G) — QCoh(Y) is also I'-equivariant,
i.e. there is a collection of natural isomorphisms between tensor functors {6, : Fy; —
Yy F}yer satisfying the diagram (115) in Definition For each y € T', 6, induces an
isomorphism éy’x  F YeX = y;F X of schemes which is functorial in X.

Lemma A.9. Let F : Rep(G) — Coh' (Y) be a T-equivariant faithful and exact tensor
functor. The induced functor F satisfies the following properties:

(1) F respects products and if X has a trivial G-action then F(X) = Y x X with the

obvious G-action.
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(2) Foranyy €I and any two affine G-schemes X, X, over k, the following diagram
commutes

Fyg(Xi x Xp) —— Fyg(Xi) xy Fyp(Xa) .
6y x,x%, lz zl(éy,xl By.x,)
Vi F(Xi X Xo) —— v F(X)) Xy ¥, F(X5)
(3) For any n,y €1, the following diagram
Fngys ——myFyg —— myyF
" "0y
F&lz sz

Flyn; - a

v

commutes, where 6 : 15y, = (yn)g and & @ nyyy = (yn)y are the natural
isomorphisms between functors.

Proof. Part (1) was established in [Br, Lemma 4.5]. Part (2) follows from that fact that
6, is a morphism of tensor functors. Part (3) follows from the commutativity (I15]) for

{97 }yer- O

Definition A.10. An affine I'-scheme X over Y is a scheme affine and flat over Y with a
['-action such that the map X — Y is I'-equivariant.

Corollary A.11. With the same assumption as in Lemma F induces a functor F
from the category of affine (I', G)-schemes over k to the category of affine I'-schemes
overY.

Proof. Let X be any (I', G)-scheme over k. For any y € T, the map X = y;X sending x
to y(x) is an isomorphism of G-schemes. Applying the functor F', we get the following
isomorphism of G-schemes over Y

- - [ -
o, FX 5 FyiX =5 i FX.
Moreover, for any 7,y € I', the following diagram commutes
X ——— X
]
omeX — n5ysX
Applying F', we have the commutative diagram
‘1"7an zlﬁéw
(ymyFX — nyyyFX
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where & : 7}y, = (yn); is the natural isomorphism between functors. This amounts to
a ['-action on FX. O

Denote by G the algebraic group G with the trivial right G-action. Leta : GXGy — G
be the map sending (g, g») to g1g>. Applying F and by part (1) of Lemma it gives
rise to a map

id:FGxG =FGxy FGy — FG.
It was shown in [Br, Lemma 4.7] that a gives a right G-action on FG, and furthermore
FG is a G-torsor over Y. In fact, we have more.

Proposition A.12. F'G is a (T, G)-torsor over Y.

Proof. By Corollary|A.11| FG is a I'-scheme over Y. Also, as discussed above, FG is a
right G-torsor. Thus, it suffices to show that @ : FG X G — FG is I'-equivariant. Since
G is a (I', G)-scheme, we have the following commutative diagram of G-schemes over k

GXGO z }G ’

I

¥:G X Gy —— G

where the left vertical map is given by (g1, g2) — (yg1,vg2), the right vertical map is
given by g — yg. Applying F, by Lemma the following diagram commutes

FGxG —* L FG

‘PyX?’ll ll‘ﬁy

Y, FGx G —2= y;FG
This implies that the map @ : FG x G — FG is I'-equivariant. |

Givep a m~0rphism LB : Fy - F,in TFr(G,Y), one can further show there is~a mor-
phism ﬁq : F1G — F,G between two (I', G)-torsors over Y. Define W(F) := FG and
Y(B) := B¢. This gives a functor

v TF]"(G, Y) - Bllnr’G(Y).
Theorem A.13. The functor ¥ : TFr(G,Y) — Bunr(Y) is an equivalence.

Proof. We will show V¥ is inverse to the functor @, which is well-defined by Proposition
Letm : ¥ — Y be a (I, G)-torsor over Y, we have Y®(F) = Spec (:Z ), where
F1c) denotes the sheaf of sections of 7 xY k[G] over Y. We would like to show Frc) =
n.0f, where Of denotes the structure sheaf of ¥. For any open subset U of Y, let
Fu denote the G-torsor 7~'(U) over U. Each section s : U — Fy X° k[G] uniquely
corresponds to a section:

Fuy =~ Fo xu U 25 F xy Fuy X kG =~ (Fy x G) xC k[G] ~ Fy x kIGI.
This is equivalent to a G-equivariant map ¢; : Fy — k[G]. Composing with ev, :
k[G] — k, we get an morphism ev, o ¢; : Fy — k. Conversely, for any morphism
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f: Fu — k, there is a G-equivariant map f : ¥ — k[G] defined by f(p) : g = f(pg).
By the arguement above, this uniquely corresponds a section U — Fy; X k[G]. Thus, we
have a 1-1 correspondence between the sections U — Fy X% k[G] and the morphisms
Fu — k. Thus, Fy =~ n.0#. One may further check this natural isomorphism is
(I', G)-equivariant. It follows that Y®(F) = Spec (Fy)) = Spec (Of) = F.

Conversely, given any object F € TFr(G, Y), we will show there is an isomorphism
®Y(F) — F between ['-equivariant tensor functors. For each object V in Rep(G), by
definition ®¥(F)(V) is the sheaf of sections of £G x¢ V over Y. Observe that F(V) is
the sheaf of sections of £(V) over Y. Thus, it suffices to show there are I'-equivariant
maps {FG x° V — F(V) | V € Rep(G)} functorial in V. Denote by V, (resp. Gy) the
scheme V (resp. G) with a trivial G-action. Consider the diagram

idxa

GXGyxVyg—GXxVy,

mxidl l

GXVO%V

where a : G X Vy — V sends (g,v) to gv, and m : G X Gy — G sends (g1, g>) to g1g>.
Applying F, it induces an isomorphism & : FG x° V — FV, cf. [Br, Theorem 4.8].
From the construction of @, one may check a is I'-equivariant and functorial in V. O

APPENDIX B. A GENERALIZATION OF COHOMOLOGY AND BASE CHANGE THEOREM

Definition B.1. An additive functor 7 : € — D between two additive abelian categories
is called half-exact if for any short exact sequence 0 - M — N — L — 0 in € the
sequence T(M) — T(N) — T(L) — 0 is exact.

Let f : A — B be a local homomorphism of Noetherian local rings. Let m be the
maximal ideal of A, and k = A/m. Let Mod™(A) (resp. Mod™(B)) denote the cat-
egory of finitely generated A-modules (resp. B-modules). Given an A-linear functor
T : Mod™®(A) — Mod™®(B), one can attach a natural transformation

T(A)®, - — T.

This is constructed as follows. For any A-module M and any element m € M, it gives rise
to an A-morphism ¢,, : A — M, given by a — am. Applying T', we get T(¢,,) : T(A) —
T(M). This induces an A-bilinear map 7(A) X M — T(M) given by (t,m) — T(¢,,)().
Thus, this gives T(A) ® M — T(M). One may check this is functorial in M.

Proposition B.2. Let T be a half-exact A-linear functor from Mod™(A) to Mod™(B).
Assume that T commutes with direct limits. Then,
(1) If T(k) =0, then T(M) = 0 for any M € Mod®(A).
(2) The following conditions are equivalent:
(a) T(A) — T(k) is surjective.
(b) The functor T is right exact.
(c) T(A)®, - — T is an isomorphism.

Proof. cf.[OB, Theorem 2.2, Theorem 4.1]. O
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The following theorem is a generalization of cohomology and base change theorem,
cf. [Ha, Theorem 12.11].

Theorem B.3. Let 1 : X — Y be a proper morphism of schemes over a Noetherian
scheme S. Let s € S, and let X, (resp. Y) be the schematic fiber XX g Spec k(s) (resp. Y X
Spec k(s)), where k(s) is the residue field of s; let m; : X; — Y be the induced morphism
from . Let % be the coherent sheaf, which is flat over S. Then,

; "9 . . ; . . . ..
(1) If Rn. Fly, RSN R(ny)..7 |x, is surjective, then ¢'(s) is an isomorphism and it is

true in a neighborhood of s in S .

(2) Assume that ¢'(s) is surjective. Then the following are equivalant:
(a) ¢'~1(s) is surjective.
(b) Rin,(F) is flat in a neighborhood of s in S.

Proof. Since the statements of the theorem are local, we may assume that Y = SpecB,
S = SpecA, and the morphism Y — S is given by a local homomorphism A — B of
local rings, where A is Noetherian. We consider the functor

T'(M) := R'n.(X, F ®, M).

Then T is a half-exact A-linear functor from Mod'®(A) to Mod®(B), as 7 : X — Y is
proper. Part (1) immediately follows from part (2) of Proposition

We now prove part (2). By part (1), T(A) is flat if and only if 7" is exact. Then part
(2) follows from Proposition and the following basic fact: 7' is exact if and only if
T'=! and T' are both right exact. m

Corollary B4. Let 1 : X — Y be a proper morphism of schemes over a Noetherian
scheme S. Suppose that X is flat over S. Given a point s € S, if R'(n,).(Ox,) = 0, then

(1) m(OX)ly, = (7,).(Ox,)
(2) n.(Ox) is flat over a neighborhood of s € S.

Proof. By part (1) of Theorem R'7,(Oy) is 0 in a neighborhood of s € S. In
particular, R'zr,(OY) is flat over a neighborhood of s € S. By part (2) of Theorem [B.3|
m.(Ox)ly, = (7,).(OY,) is surjective. Then part (1) follows from part (1) of Theorem
B.3|

For part (2), by part (2) of Theorem [B.3] again, .(0Y) is flat over a neighborhood of
s € S (note that condition (2a) in Proposition [B.2] holds automatically when i = 0). O

ArpPENDIX C. EQUIVARIANT LINE BUNDLES ON STACKS

In this appendix, we collect some basics of line bundles over k-stacks, where k is an
algebraically closed field. We also prove that for any semi-direct k-group G = H, any
G > H-equivariant line bundle on a k-space X can descend to a H-equivariant line bundle
on the quotient stack [G\X].

Denote by Aff) the category of affine k-schemes. A k-space (resp. k-group) is a
functor from Aff}® to the category of sets (resp. groups) which is a sheaf with respect to
the fppf topology, cf. [BL, Zh3]].

Let X be a k-space. Following [BL, (3.7)], a line bundle .Z over X consists of fol-

lowing data: a line bundle .7}, over S for each scheme S with a morphism 7 : § — X,
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a collection of isomorphisms {¢, s : f*.Z, =~ Z,.¢} for each morphism f : §" — § of
schemes, subject to obvious compatibility conditions. In fact, this definition coincides
with the usual definition of line bundles when X is either a scheme or an ind-scheme.

More generally, a line bundle £ on a stack Y is defined to be the following data: a line
bundle £, over S for each scheme S and n € Y(S), an isomorphism ¢y : f*L, ~ L, for
each morphism f : §” — § of schemes and each arrow 6 : f*n — 1" in Y(S’), subject to
obvious compatibility conditions, cf. [BL, (3.7)].

Let G be a k-group, and let X be a k-space with a left G-action. Denote by a : GXX —
X the action map, and by pr : G X X — X the projection map. A line bundle .Z over X is
called G-equivariant if there is an isomorphism u : a*.Z ~ pr*'.Z, satisfying the cocycle
condition. Let [G\X] be the quotient stack. By descent theory, a line bundle over [G\X]
is the same as a G-equivariant line bundle over X, cf. [BL, Section 7].

Suppose there is a k-group H acting on the k-group G preserving the group structure,
and there is a (G x H)-action on the k-space X. Then there is an H-action on [G\X]
defined as follows. For any scheme S, an S -point 7 of [G\X] is equivalent to a G-torsor
m . P — § together with a G-equivariant morphism « : £ — X. This produces a
G-equivariant morphism

n:P—>XXxS.
For any h € H(S), there is a G-equivariant map

(117) h:XxS — XxS,

sending (x, s) to (h(s)~'x, s). Here the domain X x S is equipped with a new G-action by
g+ (x,5) := (h(s)gh™'(s)x, 5). Let P, denote the G-torsor P with a new G-action given
by g+ p := h(zx(p))gh~ ' (n(p))p. Then, the following composition map is G-equivariant

@ P XxS 5 xxs I x,

which sends p to h(n(p))~'a(p). Hence, the G-torsor P;, over S together with the G-
equivariant morphism «;, : ¥, — X defines an S -point of [G\X], which will be denoted
by h - n. This gives us an H-action on [G\X]. In this case, a line bundle £ over [G\X]
is called H-equivariant if there are isomorphisms ¢, : £, ~ L., satisfying the cocycle
condition.

Lemma C.1. Let H be a k-group, and let G be a k-group with an H-action preserving
the group structure. Suppose (G = H) acts on a k-space X, and let £ be a (G = H)-
equivariant line bundle over X. Denote by L the line bundle over the quotient stack
[G\X] descending from £. Then there is an H-equivariant structure on L.

Proof. For any n € [G\X](S), we have an morphism 77 : # — X X §. Let %5 be the
pull-back of .’ via the projection X X § — X. As a G-equivariant line bundle, 77*(-%%)
exactly descends to the line bundle £, over S, where £, is obtained from £ via 7.
Since .Z is G = H-equivariant, its pull-back .Zs is also G = H-equivariant, i.e. given
any scheme 7, for any 4’ € H(T), g € G(T) and x € (X X §)(T), there are isomorphisms
Giwx 2 (L) = (Ls)wy and Yy, 1 (Ls)r = (ZLs)g such that the following diagram
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commutes

(118) (L)~ (Lo

wé’.xl llﬁh'gh’l,h’x
¢h’,gx

(GZS’ )gx B— (gS )h’gx

Forany h € H(S),leth: X XS — X X § be the G-equivariant morphism as in (I17).
Take /' to be the morphism hoprg ox: T — H. Then h’ - x = h o x. Hence

(h*gS)x = (gS)hox = (%)h/-x-
Similarly, (5" Zx)gx = (Ls)ge- Set Enx = Yigw1pwx + (W Ls)y = (W L) and G =
G x 2 (Ls)x = (h*ZLs),. Then diagram (118)) becomes

(119) (L) —s (L) -

lpg,x J{ lf h,x
{hA,gx

(XS )gx — (hng )gx

Note that the data of isomorphisms &, : (h*".Zs), — (h*-Zs),, of line bundles over S
defines a G-equivariant structure on the line bundle 4*.%s over X X §. Moreover, the
data of isomorphism ¢, , : (Z%), — (h*.%5), amounts to an isomorphism

i Ls > W L.

Then, the commutativity of the diagram (I19) implies that £, is G-equivariant.
Pulling back ¢, viafj : P — X X §, we get a G-equivariant isomorphism

N"Ls > iThZLs =(hof)Ls.

Note that pry o h o 7} = ;. This implies ﬂ = h o 7j. Hence, there is an G-equivariant
isomorphism

s = (h-n)"%s,
and it descends to an isomorphism £, ~ L, of line bundles over §. One may check
this isomorphism satisfies the standard cocycle condition. O
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